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FOUNDATIONS 


Bochvar, D. A. Uber einen Aussagenkalkiil mit abzahl- 
baren logischen Summen und Produkten. Rec. Math. 
[Mat. Sbornik] N.S. 7 (49), 65-100 (1940). (German. 
Russian summary) [MF 2280] 

The author first sets up a system obtained by adjoining 
to the ordinary propositional algebra postulates assigning a 
sum and a product to each “‘intuitionistically’’ (that is, 
recursively) defined sequence of formulas A, A2, ---, to- 
gether with axioms and rules of procedure. This system is 
equivalent (although the author does not mention this) to 
what one would get by taking the ordinary restricted logical 
calculus with the natural numbers as fundamental domain 
(Individuenbereich), and then allowing definitions of propo- 
sitional functions by recursion, with an associativity and 
commutativity property for the infinite operators. He then 
proves some elementary theorems on this basis. In the 
second part of the paper he proves a non-constructive com- 
pleteness theorem ; for this purpose naturally all construc- 
tivity requirements are dropped. [The reviewer has not 
checked all proofs.] H. B. Curry (State College, Pa.). 


Léwenheim, Leopold. Einkleidung der Mathematik in 
Schréderschen Relativkalkul. J. Symbolic Logic 5, 1-15 
(1940). 

The thesis of this paper is that the Peirce-Schréder cal- 
culus of relatives is the ideal instrument for the logical 
formalization of mathematics. The author outlines, some- 
what vaguely, its essential features; it appears to be what 
one would get by taking the logical calculus of first order 
and adjoining quantifiers over all classes, all binary rela- 
tions, etc., but not allowing functions taking predicates as 
arguments (much as in the second order predicate calculus 
of Hilbert-Ackerman [Grundziige der theoretischen Logik, 
2nd ed., 1938, chap. 4]). Methods of formalizing various 
mathematical and meta-mathematical arguments are then 
discussed. For example, arguments involving classes of 
classes are formalized by postulating a specific relation E 
having the property expressed in Principia notation as 
follows: if u is a class (here thought of as a property) which 
is a subclass of a fixed class a, then there exists a unique 
individual m such that xEm=, u(x). This E is then essen- 
tially the same idea as the Zermelo-Fraenkel ¢«, only the 
classes having representatives (that is, Mengen) are more 
restricted ; but the interpretation is different from the usual 
one. This example is typical. The reviewer finds no positive 
contributions in the paper which are not already inherent 
in some previous system; but the discussion is suggestive 
on the interpretive side. It would be desirable to have a 
more adequate formal statement both of the Peirce-Schréder 
calculus and of the author’s modifications. It is of course 
true that the adequacy of the author’s calculus is only made 
plausible in the paper ; and whatever advantages the system 
may have are not dependent on the use of the Peirce- 
Schréder notation. H. B. Curry (State College, Pa.). 


Leonard, Henry S. and Goodman, Nelson. The calculus 
of individuals and its uses. J. Symbolic Logic 5, 45-55 
(1940). 

In the Principia Mathematica and similar logistic sys- 
tems the elements of lowest type, called “individuals,” con- 
stitute a class concerning which no structural properties 
(unless one takes the axiom of infinity as such) are postu- 
lated. The author considers a system in which the indi- 
viduals form a Boolean algebra with general sums and 
products, but with exclusion of the null element. The reason 
for choosing this, rather than some other sort of algebraic 
system, is that the authors appear to have in mind some 
philosophical applications in which a part-whole relationship 
is important. The system is similar to the ‘““Mereology”’ of 
Lesniewski [which appeared in a series of Polish papers in 
Przeglad filozoficzny, 1927-31; these papers appear to have 
been examined by the authors, but the reviewer has never 
seen them ]; likewise to a system, adapted from LeSniewski, 
used by Woodger and Tarski in the former’s book “‘The 
Axiomatic Method in Biology” [Cambridge, 1937 ; see espe- 
cially Appendix E by Tarski]. The authors give a set of 
postulates (intended to be adjoined to the Principia) for 
such a system, based on a primitive relation of disjointness; 
this set appears to be a slight modification of a set of 
Lesniewski. The authors then state, without proof, some 
elementary consequences of these postulates. The rest of the 
paper is devoted to the analysis of “‘multigrade’”’ relations, 
that is, relations with a variable number of arguments. 
From the Principia point of view such relations are proper- 
ties of ordered sets, that is, properties of relations (or, in 
the wholly symmetric case, properties of classes). Since the 
authors have introduced a structure among the individuals, 
which is in a certain sense equivalent to considering them 
as classes, it is not surprising that these relations can be 
defined, for the symmetric case, without going beyond the 
next higher type. The authors’ treatment is confined to the 
symmetric case; their statement that every multigrade rela- 
tion is at least partially symmetrical is erroneous. 

H. B. Curry (State College, Pa.). 


Church, Alonzo. A formulation of the simple theory of 

types. J. Symbolic Logic 5, 56-68 (1940). 

The author gives a precise formulation of a system related 
to the Principia Mathematica. This system incorporates 
certain features of the author’s theory of \-conversion [see 
his Princeton notes on ‘Mathematical Logic” reviewed in 
J. Symbolic Logic 2, 39-40 (1937) ], including his definition 
of the natural numbers as combinators [Ann. of Math. (2) 
34, 839-864 (1933)]. Church begins by setting up his 
hierarchy of types as follows : there are two primitive types, 
t and o, which may be interpreted as the type of individuals 
and that of propositions, respectively ; and for any two types 
a and £ there is a type (a8) which may be interpreted as the 
type of functions on 8 to a. [This is the reviewer's FBa; see 
Proc. Nat. Acad. Sci. U. S. A. 20, 584-590 (1934). It is not 
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unlikely that the system can be simplified by the use of a 
systematic theory of functionality. ] It will be noticed that 
there is a place in this scheme for types of descriptive func- 
tions, for instance, the type (u); and also for functions of 
two or more variables, for instance, the type ((0):). To the 
primitive terms of the system, whether constants or vari- 
ables, are attached subscripts indicating the type; certain 
of the constants and also the variables occur in sets of which 
there is one for each type. For the formation of new terms 
there are two operations, namely : (1) the formation from a 
term F and a term A ot (FA), which is interpreted according 
to Schénfinkel as the application of the function F to the 
argument A; (2) the combination of a variable x and a term 
M to form the term AxM, which is interpreted as that 
function of x which gives M. These operations are subject 
to restrictions so that only those combinations are well 
formed (that is, terms of the system) for which the result 
belongs to a definite type according to the above interpre- 
tation ; this type is then defined to be the type of composite 
term. On this basis the author gives a set of formal postu- 
lates and rules of procedure for a strictly formal system. 
As theorems the author proves the deduction theorem and 
properties of the sets of natural numbers. The system has, 
of course, the disadvantages of the Principia in the enor- 
mous multiplication of entities necessary for systematic 
ambiguity; there is, for instance, a set of natural numbers 
for each type (those for type a being in the type ((aa)(aa)) 
as well as (presumably) cardinal numbers in the Principia 
sense). Nevertheless the author has performed a service in 
putting this precise and simple formulation on record. 
H. B. Curry (State College, Pa.). 


Gégalkine, I. Sur l’Entscheidungsproblem. Rec. Math. 
[Mat. Sbornik] N.S. 6 (48), 185-198 (1939). (Russian. 
French summary) [MF 1352] 

Ackermann [Math. Ann. 112, 419-432 (1936), in particu- 
lar p. 426] showed that if a logical expression of the form 


(x) (Ey) F(x, y) & (x1)(x2) x1, 


containing only one binary predicate F, is realizable (erfiill- 
bar) in a finite domain at all, then it is realizable in a 
domain of s+1 elements. The author refines this result by 
giving a process for testing the realizability of the above 
expression in at most s+1 trials. H. B. Curry. 


Ackermann, Wilhelm. Zur Widerspruchsfreiheit der 
Zahlentheorie. Math. Ann. 117, 162-194 (1940). 
[MF 2152] 


The author proves the consistency of a formulation of 
elementary arithmetic by his original method, which is 
described in detail in Hilbert-Bernays’ “Grundlagen der 
Mathematik,” vol. II, §2, p. 4 [Berlin, 1939]. In the Hilbert- 
Bernays exposition it was necessary to introduce a restric- 


tion on the application of mathematical induction in order - 
to show that the series of “ total replacements” (Gesamt- 
ersetzungen) comes to an end after a finite number of 
operations. In the present paper this difficulty is taken care 
of in the most general case by the use of transfinite induc. 
tion. In this respect the paper shows the influence of 
Gentzen, who used transfinite induction but employed a 
different method [for reviews of the most recent exposition 
of the Gentzen method, see Bull. Amer. Math. Soc. 45, 812 
(1939), or J. Symbolic Logic 4, 31 ff. (1939) ]. In the latter 
part of the paper the author sharpens his result by giving 
an explicit determination of an upper limit for the number 
of total replacements in terms of numerical functions defined 
by a new kind of recursion having transfinite character. 
H. B. Curry (State College, Pa.). 


¥Levi, F.W. On the Fundamentals of Analysis. Univer- 
sity of Calcutta, Calcutta, 1939. 56 pp. 

This is a revision of a set of six public lectures delivered 
at the University of Calcutta in February, 1938. It is shown 
that a considerable degree of unity may be introduced into 
the foundations of analysis by emphasizing a few general 
methods. One of these methods is the use of the repartitive 
theorem due to the author [J. Reine Angew. Math. 161, 
101-106 (1929) ], which may be thought of as a generaliza- 
tion of the Borel-Lebesgue and Weierstrass-Bolzano the- 
orems. Numerous theorems connecting local properties with 
properties in the large are shown to be special cases of the 
repartitive theorem. Another general method considered is 
that of treating various types of convergence with both 
continuous and discrete approach to a limit, from the point 
of view of the continuity of a real function defined over a 
Hausdorff space. Many different varieties of uniform, abso- 
lute and monotone convergence are studied, as well as the 
question of the interchange of limits in double series and 
sequences. The introduction and the critical and historical 
notes are interesting. They include a discussion of intuition- 
ism and of the gradual development of the idea of general 
spaces in recent years. There is a list of 52 references. 

O. Frink (State College, Pa.). 


Blumenthal, L. M. “A paradox, a paradox, a most in- 
genious paradox.” Amer. Math. Monthly 47, 346-353 
(1940). [MF 2568] 

Lecture giving some paradoxical theorems chosen from 
the theory of sets. 


Hjelmslev, Johannes. La géométrie sensible. 
seignement Math. 38, 7-27 (1940). [MF 2247] 


I. En- 


Metcalf, Wilmot V. Absolute space and time. Scientia 
(4) 67, 169-177 (1940). [MF 2353] 


ALGEBRA 


Equations, Polynomials 


Kneser, Hellmuth. Der Fundamentalsatz der Algebra 
und der Intuitionismus. Math. Z. 46, 287-302 (1940). 
[MF 2399] 

Lipschitz had modified Argand’s proof of the theorem in 
question by an explicit construction which reduces the abso- 
lute value of the polynomial f(x) at a given point x in a fixed 
proportion by a suitable step in the x-plane. However, he 


had to assume that the discriminant of f does not vanish. 
The author succeeds in adapting this argument to the de- 
mands of intuitionism by proving the following lemma: 
Given a positive integer m and a positive number c, there 
exists an w>1 with the following property: if ¢; bi, --+, 0. 
are any non-negative numbers, ¢>0 and 5, =1, then one can 
pick out an integer k in the sequence 1, ---, m and ascertain 
a positive y such that t<y* <wt, >c-b,y’ for 1LSvSn, 


a 


itia 
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yk. All intuitionistic proofs heretofore known depend on 
the residue rather than the Argand argument. 
H. Weyl (Princeton, N. J.). 


Levi, Beppo. An intuitionistic theory of rational entire 
functions of one variable. Publ. Inst. Mat. Univ. Nac. 
Litoral 1, no. 4, 27 pp. (1940). (Spanish) [MF 2449] 
This paper is concerned with that part of the elementary 

theory of equations which concerns the separation of the 

real roots of a polynomial with real coefficients. The treat- 
ment is “intuitionistic” in the sense that it is purely alge- 
braic, involving reference to order, absolute value, bounded- 
ness, etc., but not to limiting processes; on this account 
the theory may be regarded as a generalization to the case 
of a polynomial with coefficients in any linearly ordered field 
in which these processes are legitimate. On the other hand 
the author uses proof by reductio ad absurdum, so that the 
treatment is not, at least as it stands, intuitionistic in the 
sense of Brouwer. The fundamental concept is that of an 

“interval-root,” that is, an interval (with end-points) of 

elements of the field, such that | f(x) |e within it (e is an 

element of the field which is determined by the polynomial 

f(x) and a fundamental interval fixed for the entire paper) 

and at the end points f(x)/f’(x) has opposite signs. After 

deriving some fundamental properties of this notion, the 
author derives the analogues of the theorems of Rolle, 

Budan and Sturm. H. B. Curry (State College, Pa.). 


Foussianis,Chr. Determinantenaus S-Funktionen. Math. 

Ann. 117, 27-30 (1939). [MF 1380] 

Es gilt: wo p,o=1,2,---, und 
Lai=k, pi=0, wre wo r=p—n+r und k,=0 fiir 
r<1. Speziell gilt: | S(an, kR-2+p—c)| an)*. 

E. Bodewig (Den Haag). 


Tietze, Heinrich. Uber symmetrische Funktionen von 
endlich oder abzahlbar unendlich vielen Veranderlichen. 
Monatsh. Math. Phys. 49, 1-52 (1940). [MF 2128] 
This is the sequel to an earlier part by the same author 

[Monatsh. Math. Phys. 48, 487-499 (1939); these Rev. 1, 
97]. The whole work is a discussion of the matrix M which 
arises when the functions X “) are expressed linearly in terms 
of Y (X=MY, M=[Ca)]), where YY = --- is 
asymmetric function of / quantities x;, }>b;=p=l, and the 
X® are monomial products --- of the elementary 
symmetric functions of the x; For a given value p the 
solution Y= M-X exists and expresses the fundamental 
theorem of symmetric functions. M has P rows and columns, 
where P= P(p) : it is the Cayley-Perron matrix. The coeffi- 
cients Ca are integers which depend on the number of ways 
of constructing a partition, say (3 2 2), from another, say 
(3 2 1 1), of the same number 9 of different things. Graphical 
methods are used, and partitions are arranged in certain 
orders, such that the matrix M becomes symmetric and 
triangular in shape, with a base (the secondary diagonal) 
consisting entirely of P units +1. The fundamental theorem 
is extended to the case when J+ provided that }>x; is 
absolutely convergent. Abundant historical references are 
given. H. W. Turnbull (St. Andrews). 


Caracciolo, Maria Serra. Delle equazioni a radici opposte. 
Boll. Mat. (4) 1, 33-38 (1940). [MF 2177] 
Explicit necessary and sufficient conditions are given in 
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order that an algebraic equation of nth degree have at least 
p pairs (2p=n) of opposite roots: +a,, v=1, 2, ---, p. 
O. Szész (Cincinnati, Ohio). 


Anghelutza, Th. Sur une limite pour les modules des 
zéros des polynomes. Bull. Soc. Math. France 67, 120- 
131 (1939). [MF 2583] 

The results of this paper have already been announced 

[Acad. Roum. Bull. Sect. Sci. 21, 211-213 (1939); these 

Rev. 1, 193]. 


Ostrowski, Alexandre. Recherches sur la méthode de 
Graeffe et les zéros des polynomes et des séries de 
Laurent. Acta Math. 72, 99-155 (1940). [MF 2236] 
These are the first two chapters of a comprehensive in- 

vestigation of Graeffe’s method from the following three 

points of view: (A) The determination of the absolute 
values of the zeros of a polynomial f(z) = fo(z) = []?_1(z—¢,) 
=do+ayz+ ---+a,2" (0< by means of the 
sequence of its Graeffe transforms f;(z)=[]?:(z—{,"); 

(B) the determination of the values of the zeros by means 

of the f(z); (C) a study of the errors committed on the 

zeros by working throughout with a fixed number of sig- 

nificant figures for the coefficients of the transforms f;(z). 

The principal new tool of investigation in this connection 

is the Newton diagram of f(z), that is, the polygonal line D, 

convex downward, spanning the points P,=(v, —log |a,|) 

(v=0, 1, ---,) [Hadamard, Selecta, Paris, 1935, 55-56] 

and the Newton majorant M,(z)=7+---+7,2, where 

T,=e~*, while x, is the ordinate of the convex line D at 

x=v. Let (1) R,=T7,-:/T, (v=1, ---, It follows that 

(2) |a,| ST, and (3) T?2=T7,1T,41. The usefulness of M;(z) 

is due to the fact that M,(z) is majorized by any other 

polynomial }°o"7,’z’ satisfying (2) and (3). 

The problems (A), (B), (C) are to be solved by four 
fundamencal theorems the first of which is developed in the 
present paper (the complete memoir is to cover about 150 
pages). For the statement of this first theorem, which gives 
remarkably precise lower bounds for the absolute values of 
the zeros of power series, we must refer to the paper. If 
specialized to a polynomial f(z) it solves the following prob- 
lem: The absolute values |a,| of the coefficients of f(z) 
being given, what limits may be assigned for the absolute 
values |{,| of its zeros? One answer, derived from much 
more exact bounds, are the inequalities (4) R,/(m+1) <|f>| 
<R,(n+1) (p=1, ---, m), where R, are the ratios (1) of the 
coefficients of M,(z). Applying (4) on the transform /f;(z), 
we get R,/(n+1) hence (n+1)* 
showing that (R,“)**—|f,| 
as k-+. This solves problem (A) independently of any 
assumption regarding inequality relations between the 
absolute values |{,|. Exact bounds for |{,| in (4) are given 
for n=2, n=3. I. J. Schoenberg (Waterville, Me.). 


Erdés, P. On extremal properties of the derivatives of 
polynomials. Ann. of Math. (2) 41, 310-313 (1940). 
CMF 1813] 

Let f(x) be a polynomial of degree » with only real roots 
and not equal to 0 in (—1, +1). The author proves the 
inequality max | f’(x) | <}en-max | f(x)|, —1Sx=+1. This 
is a refinement of the corresponding inequality following 
from A. Markoff’s theorem. Here the constant $e is the 
best possible. Furthermore a bound for |f’(x)| in (—1+¢, 
1—c) is given provided |f(x)|=1, —1Sx=+1, and the 
real polynomial f(x) has no roots in the unit circle. This 
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bound is of the precise order n?, whereas the bound resulting 
from S. Bernstein's theorem is of the order n. 
G. Szegé (Stanford University, Calif.). 


Carlitz, L. A set of polynomials. Duke Math. J. 6, 486- 

504 (1940). [MF 2332] 

Let M denote a polynomial in an unknown x with coeffi- 
cients in the Galois field GF(p"). As in a former paper 
[L. Carlitz, Duke Math. J. 1, 137-168 (1935) ], the author 
considers 

IL @—M), volt)=+, 
deg M<m 
where ¢ is another unknown, and the product extends over 
all M including 0 of degree less than m. If k=0 is an arbi- 
trary integer, it can be written in the form k=ap+a;p"+ - -- 
+a,p™", 0=a;<p*. Then a set of polynomials G;,(¢) in ¢ is 
defined by 


Properties of these polynomials G;(t) are studied. It appears 
convenient to define another set of polynomials 


G,'(t) = IL 


where for OXa<p*—1 and 
for a= p"—1. Here, 


Fo=1, --- 


with [m]=x?""—x. The polynomial G;(¢) has the properties 
G,(ct) =c*G,(t) for any c in GF(p"), and 


Gilt-+u) = 
Similarly, G,’ (ct) =c*G,'(t) for 


Gi' =X 


Any polynomial f(¢) in ¢ of degree not greater than k can be 
written uniquely in the form f(t) = {0A .G,(2) and also in 
the form f(t)= icA,’G,’(t). Formulae for the coefficients 
A; and A,’ are given, and, as application, further identities 
are derived. Finally the conditions are obtained that a 
polynomial f(t) (with coefficients which are rational in x) 
is integral-valued, that is, that f(M) is a polynomial in x 
for all polynomials M in x. R. Brauer (Toronto, Ont.). 


Tihanyi, Miklés. Die verallgemeinerte Lagrangesche Re- 
solvente. Math. Naturwiss. Anz. Ungar. Akad. Wiss. 
58, 678-684 (1939). (Hungarian. German summary) 
[MF 1795] 

The Lagrangian resolvent of the cyclotomic field of order 
n= --- p,’* is expressed in terms of primitive roots of 
degrees ¢(p,"*) and the solutions of certain congruences. 

O. Szdész (Cincinnati, Ohio). 


Oldenburger, Rufus. Polynomials in several variables. 

Ann. of Math. (2) 41, 694-710 (1940). [MF 2560] 

Let F=aj;...4%%; «++ x, be a multilinear form with coeffi- 
cients in a field K. It is understood that aj;...4 is equal to 
every other coefficient obtainable from it by a permutation 
of the subscripts. If F is of degree p, and K is of order p or 
more, it is proved that F can be written as a linear combi- 
nation of pth powers of linear forms with coefficients in K. 
Let m(F) be the smallest number of pth powers in terms of 
which F can be so written. Numerous inequalities satisfied 
by m(F) are obtained. C. C. MacDuffee. 


Linear Algebra 


Oldenburger, Rufus. Infinite powers of matrices and char- 
acteristic roots. Duke Math. J. 6, 357-361 (1940), 
[MF 2320] 

Let A and B be square matrices, the elements of A 
being nonnegative and those of B complex. Then A 2B if 
a;;=|6,;| for every i and 7. The smallest circle with center 
at the origin containing all the characteristic roots of A in 
its interior or on its boundary is called the characteristic 
circle of A. The author proves that, if A>B, the charac- 
teristic circle of A contains that of B. There are several 
consequences. C. C. MacDuffee (Madison, Wis.). 


Turri, Tullio. Condizioni per la identita proiettiva di antio- 
mografie. Rend. Sem. Fac. Sci. Univ. Cagliari 10, 1-15 
(1940). [MF 2139] 

Si dimostra che condizione necessaria e sufficiente perché 
due antiomografie rappresentate dalle matrici A e B siano 
proiettivamente identiche, é che i divisori elementari della 
matrice ||BB- pI\| si ottengano dai divisori elementari 
della ||AA—pI|| moltiplicando in questi ultimi le radici per 
una costante reale positiva. Author's summary. 


Mattioli, Ennio. Sulle matrici ortogonali periodiche ra- 
zionali e in particolare su quelle di 3° ordine e di 3° grado. 
Ann. Scuola Norm. Super. Pisa (2) 8, 219-237 (1939). 
[MF 2038] 

A matrix X is periodic and orthogonal if, for some posi- 
tive integer p, X°=E, XX_,=E, where E is the identity 
matrix and X_, is the transpose of X. The author proves 
that every rational 3X3 matrix whose period is 3 is given 
by TAT-, where T is the most general orthogonal matrix 
with rational elements, and 


010 
A={ 0 1 }- 
100 


Application is made to show that the equation 


where a, 8, y are rational, always has a rational solution. 
C. C. MacDuffee (Madison, Wis.). 


Ko, Chao and Lee, H.C. Note on a theorem on matrices. 
J. London Math. Soc. 15, 149-152 (1940). [MF 2524] 
The authors give two algebraic proofs that if A and B 

are matrices of m rows and n columns such that the rank of 

A is r, and every minor of order s in B, where s is a fixed 

integer less than r, is equal to the corresponding minor in 

A, then B=pA, where p is an sth root of unity. This is a 

generalization to rectangular matrices of a theorem previ- 

ously established by geometric methods [see J. A. Schouten 
and D. J. Struik, Einfiihrung in die neueren Methoden der 

Differentialgeometrie I, Groningen, 1935, p. 36]. If s=r, 

the result as stated does not hold, but the rank of B is also r, 

and the elements of B are expressible in terms of those of 

A and r*—1 parameters. N. H. McCoy. 


Ko, Chao and Lee, H. C. A further generalization of the 
Hamilton-Cayley theorem. J. London Math. Soc. 15, 
153-158 (1940). [MF 2525] 

Let F(x1, «++, Xm) = LA +++ where the A’s 

are square matrices of order n with coefficients in a field K, 

and denote the determinant of F(x:, «++, xm) by f(x1, +++, %m)- 
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If X1, --*, Xm are pairwise commutative matrices of order 
n whose elements lie in K and such that F(X,, ---, X)=0, 
then also f(X1, ---,Xm)=0. The case m=1 is due to 
MacDuffee [The Theory of Matrices, Ergebnisse Math. 2, 
no. 5, Berlin, 1933, p. 18]. Let o(x1, ---, xm) denote the 
G.C.D. of the elements of the adjoint of F(x:, ---, xm), and 
set f(x1, Xm)/ (x1, Xm) =fi(x1, Xm). The authors 
extend a theorem of Ostrowski [Quart. J. Math. 10, 14 
(1939) ] by showing that also f,(X1, ---, Xm)=0 under the 
above hypotheses on Xi, ---, Xm. A converse of this the- 
orem is also true if the form of F(x, ---,%m) is suitably 
restricted. It seems to the reviewer that the authors’ state- 
ments are unnecessarily complicated by the consideration 
of extensions of K, as all the operations required can be 
carried out in K itself. N. H. McCoy. 


McCoy, Neal H. A generalization of Ostrowski’s theorem 
on matric identities. Bull. Amer. Math. Soc. 46, 490- 
495 (1940). [MF 2417] 

Let A,=I, Az, ---, Am be matrices of order n with ele- 
ments in a commutative ring R with unit element 1, and let 

%1, Xm be indeterminates. Let 


F(x1, Xm) = -+xmAm|. 


Let adj F=(F,;) and let m be the ideal of those elements 
f=f(x1, +++, %m) of the polynomial ring ---, xm] such 
that F divides every fF,;. If f is in m, and B,, ---, B, are 
commutative matrices of order n with elements in R such 
that A,B,+A2Be+ eee +A,,B,=0, then Bu) 
For a somewhat more restricted ring R, the converse holds: 
If o(Bi, -- +, Bu) =0 for all commutative matrices B,, ---, B, 
satisfying A,B,+---+A,B,=0, then ¢ is in m. This gen- 
eralizes a recent theorem of Ostrowski [Quart. J. Math. 9, 
241-245 (1938) ]. C. C. MacDuffee (Madison, Wis.). 


Werjbitzky, B. Quelques questions de la théorie des 
séries de compositions de plusieurs matrices. Rec. 
Math. [Mat. Sbornik] N.S. 5 (47), 505-512 (1939). 
(Russian. French summary) [MF 1341] 

The author shows that every polynomial in m matrices 
Xi, «++, Xm of order n is equal to a polynomial in a normal 
form and of degree less than or equal to a constant M. 
These normal polynomials are either polynomials in the 
matrices X; themselves (here if n=2, 3, then M=m, 2m, 
respectively; if »>3, M=m(n—1)*) or in the suitably 
chosen components Z;; of X; (X;=>05.1Z;;). The definition 
of these components and the proof are given explicitly for 
the case when all X; have simple elementary divisors. Here 
M=mn. In view of these results, the author points out, 
every absolutely convergent infinite series in m matrix 
variables X; of order m may be represented by a finite 
polynomial in these matrices or in their components, an 
extension of the well-known result for such series in a single 
matrix. For part of the proof one is referred to a former 
paper [Rec. Math. [Mat. Sbornik] 42, 737-742 (1935) ] 
by the same author. A necessary condition for convergence 
in terms of the convergence of a scalar series is given at the 
end of the paper. A. E. Ross (St. Louis, Mo.). 


McCrea, W. H. On matrices of quaternions and the rep- 
resentation of Eddington’s E-numbers. Proc. Roy. 
Irish Acad. Sect. A. 45, 65-71 (1939). [MF 1801] 
Representations of special algebras by matrices whose 

elements are quaternions are discussed. It is established 

that it is not possible to give a representation of an algebra 


by matrices which involve together with any quaternion its 
conjugate. This, however, is possible when we use partial 
conjugates go+iqgi—jq.—kgs instead of the conjugates 
go—1gi—jq2—kqs. Such a representation of the E-numbers 
by 4X4 matrices is given. This representation is more con- 
venient than the usual one for some purposes, and it is 
stated, but not established, that it can be considered as a 
regular representation. O. Todd-Taussky (Belfast). 


Jacobson, N. A note on hermitian forms. Bull. Amer. 

Math. Soc. 46, 264-268 (1940). [MF 1829] 

The author considers Hermitian bilinear forms of an 
involutorial division ring. He associates a symmetric bilinear 
form with each such form and shows that two Hermitian 
forms are cogredient if and only if the associated symmetric 
forms are cogredient. He then applies the theory to obtain 
explicit conditions for several important special cases of the 
coefficient ring. A. A. Albert (Chicago, Iil.). 


Cisotti, Umberto. Invarianti ed eminvarianti lineari dei 
tensori. Atti Accad. Italia. Rend. Cl. Sci. Fis. Mat. Nat. 
(7) 1, 337-341 (1940). [MF 2170] 

A continuation of the author’s studies [Atti Accad. Naz. 
Lincei. Rend. (6) 11, 727, 917 (1930) ] of the linear invari- 
ants and semi-invariants of tensors, with special attention 
to tensors of orders two, three, four and five. 

N. H. McCoy (Northampton, Mass.). 


Abstract Algebra 


*Birkhoff, Garrett. Lattice Theory. American Mathe- 
matical Society, New York, 1940. v+155 pp. $2.50. 
This is the first comprehensive treatment of lattice theory 

and its applications. The chapter headings are: I. Partially 
Ordered Systems; II. Lattices; III. Modular Lattices; 
IV. Complemented Modular Lattices; V. Distributive Lat- 
tices; VI. Boolean Algebras; VII. Applications to Function 
Theory; VIII. Applications to Logic; and IX. Applications 
to Probability. Each successive chapter deals with a more 
special type of lattice, with examples and applications of 
each type. Lattice theory is thus made to serve as a unifying 
principle like group theory, emphasizing similarities between 
different mathematical fields. 

There is a foreword which reviews briefly the notions of 
metric space, L-space and topological space, and such con- 
cepts of universal algebra as homomorphism, congruence 
relations and direct product. In the first chapter are intro- 
duced the concepts of chain, duality, the maximal and 
minimal elements J and O, points or atoms, covering and 
Hasse diagrams. The dimension of a partially ordered sys- 
tem P is defined to be the maximal length of a chain in P. 
The ascending and descending chain conditions are dis- 
cussed in connection with well ordering. Sum, product and 
power of partially ordered systems are defined. In the second 
chapter the fundamental lattice operations of meet xn y 
and join x u y are defined in terms of greatest lower bound 
and least upper bound, and they are shown to be charac- 
terized by four algebraic laws. Examples of complete lattices 
are given. A theorem on representation by sets, and Mac- 
Neille’s theorem on completion by cuts are proved. Order 
convergence x,—x of a sequence of elements is defined in 
terms of monotone convergence, as well as a modification 
called star convergence. Directed sets and Moore-Smith 
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convergence are discussed, with an indication of their impor- 
tance in topology. There is a definition of lim sup x, and 
lim inf x, for sequences and directed sets. The third chapter 
deals with lattices which satisfy the modular identity 
xu (yz)=(xu y) if x=z. These are important in group 
theory and ideal theory. It is shown that the set of all ideals 
(Q-subgroups) of a group with operators is a modular lattice 
if the operators include all inner automorphisms. The terms 
quotient, prime quotient, transpose, projective and inde- 
pendent are defined. The Jordan chain condition for modu- 
lar lattices of finite dimensions is proved. A modular func- 
tional m(x) on a lattice is defined to be one such that 
m(x)+m(y)=m(x 1 y)+m(x uy). A lattice with a sharply 
positive modular functional (this means that m(x) >m(y) 
if x >¥) is called a metric lattice. If distance between x and y 
is defined to be m(x u y)—m(xfy), a metric lattice is a 
metric space, and it is also modular. It is shown that in a 
lattice which is metrically complete, star convergence and 
metric convergence are equivalent. The generalized Jordan- 
Hélder theorem for operator groups is proved, and the free 
modular lattices generated by three elements and by two 
chains are discussed. The chapter closes with a series of 
related theorems of importance in group theory, including 
the Schreier-Zassenhaus and Kurosch-Ore theorems. 

In the complemented modular lattices of chapter IV, 
every element x has a complement x’ such that xn x’=O 
and x uv x’ =I. This implies the existence of relative comple- 
ments, and it is shown that quotients x/y may be replaced 
by differences xn y’. Two elements with a common com- 
plement are called perspective. The notion of ideals in a 
lattice is introduced. It is proved that any congruence rela- 
tion in a complemented modular lattice is determined by 
the ideal of elements congruent to O. The theory of abstract 
linear dependence developed by Whitney, MacLane and the 
author for upper semimodular lattices, where modularity is 
replaced by a weaker condition, is considered. Matroid 
lattices, which are upper semimodular lattices in which 
relative complements exist, are shown to be important for 
the theory of fields and of lattices of partitions. It is proved 
that the complemented modular lattices of finite dimensions 
which are not direct products coincide with projective 
geometries in the sense of Veblen and Young. There is a 
short discussion of von Neumann’s continuous geometries, 
and the chapter closes with a decomposition theorem. The 
fifth chapter deals with lattices in which the distributive 
law holds, examples of which are function spaces, rings of 
sets and the lattice of ideals of an algebraic number field. 
A number of results on the structure of distributive lattices 
of finite dimensions are proved. The theory of the repre- 
sentations of distributive lattices by sets of prime ideals, 
due to the author and Stone, is given. There is also a dis- 
cussion of unique decomposition of elements, free distribu- 
tive lattices and generalized distributive laws. Finally 
Wallman’s representation by means of maximal dual ideals 
of any distributive lattice having the disjunction property, 
as a basis for the closed sets of a T; space, is given. Chapter 
VI introduces Boolean algebras, that is, complemented dis- 
tributive lattices. There is a summary of Stone’s theory of 
ideals, and of his characterization of Boolean algebras as 
rings. Stone’s theorem on the isomorphic representation of 
Boolean algebras by sets is obtained as a corollary of the 
representation theorem for distributive lattices. Boolean 
spaces are discussed, but not their application to the exten- 
sion of topological spaces. The theorem of Tarski that every 
completely distributive Boolean algebra is isomorphic with 
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the system of all subsets of some set is proved. Various 
conditions are given which together with unique comple. 
mentation characterize Boolean algebras. The theory of 
modular functionals is applied to Jordan, Borel and Lebesgue 
measure. The Boolean algebra M/N of measurable sets 
modulo null sets is characterized as the result of metric 
completion of the limit of finite Boolean algebras. Mac- 
Neille’s completion by cuts of the same limit algebra yields 
instead the algebra of regular open sets, or of open sets 
modulo nowhere dense sets, or of Borel sets modulo sets of 
the first category, which are shown to be isomorphic. The 
seventh chapter deals with the vector lattices introduced 
by Kantorovitch and Freudenthal. These are linear vector 
spaces which are also lattices. Most function spaces are 
vector lattices, meet and join having the meaning min (f, g) 
and max (f,g). All vector lattices are distributive. The 
notion of normal subspace is shown to be important. Normal 
subspaces correspond to ideals and determine lattice homo- 
morphisms. Relative uniform convergence is defined and is 
shown to imply order convergence in a o-complete lattice. 
The theory of bounded additive transformations is devel- 
oped. The conjugate space, consisting of bounded additive 
functionals on a vector lattice, is shown to specialize to 
Banach’s notion of conjugate space. In a Banach lattice, 
which is a vector lattice with norm, it is proved that metric 
convergence is equivalent to relative uniform star conver- 
gence. A decomposition theorem is proved for Banach 
lattices with a strictly monotone norm. 

In chapter VIII the interpretation of Boolean logic as a 
logic of attributes and as a logic of propositions is discussed. 
The suitability of the Boolean algebra M/N as a model for 
logic is considered, and it is compared with the continuous 
geometry over the real field which the author and von 
Neumann have proposed as a logic for quantum mechanics. 
A very neat lattice theoretic treatment of the Brouwerian 
logics of Heyting is given. The discussion of Lewis’ systems 
of strict implication is not accurate; it is stated incorrectly 
that the law of double negation does not hold in these 
systems. The chapter closes with a discussion of truth values. 
The last chapter deals with probability or distribution func- 
tions, which are positive modular functionals p(x) over a 
Boolean algebra A, such that p(O)=0, and p(J) =1. Their 
linear combinations form a Banach lattice. Generalizing 
the theory of Kolmogoroff, a transition operator is defined 
to be an additive operator which carries distributions into 
distributions. The generalized theorem of Markoff is proved, 
as well as some generalized ergodic theorems. An element f 
is called ergodic if the means of its transforms under the 
iterates (discrete or continuous) of a transition operator 
converge to a fixed point. It is shown that if these means lie 
in a weakly compact set, or if the transforms of f are lattice 
theoretically bounded, then f is ergodic. It is also proved 
that, if f is ergodic, so is any x such that O<x<f. 

The book ends with a list of 17 unsolved problems of 
lattice theory. The bibliography is not intended to be com- 
plete, and many additional references are given in footnotes. 
The paper of Bennett [Amer. Math. Monthly 37, 418-423 
(1930) ] might have been mentioned for its historical inter- 
est. The paper of MacLane referred to on pp. 61-66 is 
missing from the bibliography. Work of Ward and Dilworth 
on residuated lattices, of Stone on partially ordered rings, 
and of Ore and Baer on applications to group theory were 
too recent or too technical to be included. One would have 
expected greater use to be made of generalized limits and 
Moore-Smith convergence, which the author has shown to 
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be of fundamental importance in topology; most of the 
topology in the book is that of sequential limit and L-spaces. 
A possible source of confusion is the author’s tendency to 
omit part of the hypothesis of a theorem for the sake of 
brevity, especially in stating lemmas and corollaries. 

O. Frink (State College, Pa.). 


Foradori, Ernst. Teiltheorie und Verbiinde. Deutsche 

Math. 5, 37-43 (1940). [MF 2136] 

The author restates the definition (due to C. S. Peirce) 
of a lattice (Verband) by postulates on order. This may be 
found in Schréder’s “Algebra der Logik,” vol. I, especially 
pp. 184, 197. He also introduces the concept of a “gener- 
alized lattice’ in which a=b and bSa need not imply a=, 
for example, a semi-group in which g.c.f. and l|.c.m. exist, 
and correlates with his ‘‘Teiltheorie” [Leipzig, 1937]. 

G. Birkhoff (Cambridge, Mass.). 


Klein-Barmen, Fritz. Uber eine weitere Verallgemeine- 
rung des Verbandsbegriffes. Math. Z. 46, 472-480 
(1940). [MF 2409] 

The author defines a Schief as a system with a single 
associative, idempotent, not necessarily commutative opera- 
tion. If the operation were commutative, we would have 
essentially a lattice (Verband). The discussion is mostly 
postulational and elementary ; the free Schief with two gen- 
erators has six elements and its subalgebras are determined; 
the subalgebras form a semi-modular lattice (Birkhoffscher 
Verband). G. Birkhoff (Cambridge, Mass.). 


Shapiro, G. M. On the eigenwerte in normed structures. 
C. R. (Doklady) Acad. Sci. URSS (N.S.) 24, 523-524 
(1939). [MF 2050] 

The author proves a complicated theorem on relatively 
complemented lattices (structures) endowed with both a 
“rank” and a “norm” function. The interest of this theorem 
lies in applications to spectral theory of symmetric matrices 
and category ; the reviewer could not understand the appli- 
cation. G. Birkhoff (Cambridge, Mass.). 


Kubo, Keizi. Uber die Noetherschen fiinf Axiome in 
kommutativen Ringen. J. Sci. Hirosima Univ. Ser. A. 
10, 77-84 (1940). [MF 2564] 

The author discusses a modified system of axioms for 
Noether rings Rt. The methods of additive ideal theory as 
developed by E. Noether and W. Krull yield the description 
of Noether rings. The necessary and sufficient conditions 
that every non-trivial ideal in R be a unique (finite product) 
of prime ideals are (I) the weak chain condition for divisors, 
(II) existence of a unit for multiplication, (III) the radical 
of is a prime ideal, (IV) for every prime ideal its square 
is an immediate multiple. The new axioms apply also to 
rings with divisors of zero. O. F. G. Schilling. 


Uzkow, A. I. Abstract foundation of Brandt’s theory of 
ideals. Rec. Math. [Mat. Sbornik] N.S. 6 (48), 263-281 
(1939). (Russian. English summary) [MF 1357] 
Let ® be a ring with an identity, 3 a subring of its center 

containing 1 and having the property that the elements of 3 

which are not zero-divisors have inverses in 9%. A subring 0 

containing 3 is an order if every element of 8 has the form 

de, a in 0 and a@ in 3. Fractional ideals are defined in the 
usual manner. If % is a left ideal, the set of x’s such that 
axe% is an order 0’ and is said to be dominated by 0; 0 is 

unextendable if no order dominated by 0 contains it as a 
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proper subring. An element a is integral relative to 0 if all 
a‘e%, a fixed left ideal, and 0 is integrally closed if there is 
no 0’>0 all of whose elements are integral relative to 0. 
The author shows that if 0 is integrally closed it is unextend- 
able, and if 0 is unextendable and commutative then it is 
integrally closed. The following conditions are necessary 
and sufficient that the integral two-sided ideals of 0 be 
factorable uniquely into irreducible factors and that multi- 
plication of these be commutative. (1) Ascending chain 
condition for two-sided ideals. (2) Prime ideals are divisor- 
less. (3) 0 is unextendable. Let 2, be the smallest set of 
orders containing 0 and containing every order dominated 
by the orders of the set. The conditions that Brandt's theory 
hold are : (1) 0 is unextendable. (2) If 0’e2,, then the ascend- 
ing chain for integral left and right of o’ holds and the 
descending chain condition holds if the ideals contain a fixed 
non-zero-divisor. [Cf. Asano, Jap. J. Math. 16, 1-36 (1939); 
these Rev. 1, 100. ] This implies that the condition that an 
algebra be separable (have separable centers for the com- 
ponents of 9#/J, MN the radical) is not necessary for the 
validity of the arithmetic theory. N. Jacobson. 


Mori, Shinziro. Uber die Produktzerlegung der Haupt- 
ideale. III. J. Sci. Hirosima Univ. Ser. A. 10, 85-94 
(1940). [MF 2563] 

The author proves the following theorem and its con- 
verse: Let 8 be a commutative ring with unit such that 
every principal ideal of 8 is a power product of a finite 
number of prime ideals, then R=Ri+---+R, (direct sum, 
n< ©), where the rings ®; (a) contain a unit, (b’) are pri- 
mary or (b”) integral domains, (c) (in case (b’)) have only 
one principal prime ideal and (d) (in case (b’’)) each chain 
(a) :a,¢ (a) :a2¢--- with ae®; is finite, each highest prime 
divisor p|(a) having an inverse. The proof of this theorem 
follows from a careful discussion of primary rings and the 
relation between divisors of zero and minimal prime ideals. 

O. F. G. Schilling (Chicago, IIl.). 


Moriya, Mikao. Bewertungstheoretischer Aufbau der mul- 
tiplikativen Idealtheorie. J. Fac. Sci. Hokkaido Imp. 
Univ. Ser. I. 8, 109-144 (1940). [MF 2187] 

This paper deals with a treatment of ideal theory in a 
general field of algebraic numbers by means of valuation 
theory. The author first investigates rings 0 with quotient 
field k such that (i) 0 is the intersection of a set W= {w} 
of discrete rank one valuations w of k, (ii) every element y 
of o has values w(y) different from 0 for only a finite number 
of w’s in W, (iii) for any two distinct w,, w2 in W there exist 
elements 71, Y2 in 0 in the w;(y1) >0, we(y1) =0, wi(y2) =0, 
wWe(y2) >0. Associating to every ideal a (with respect to 0) 
the vector {min w(a), aea; all w in W}, one readily proves 
the results of Artin and van der Waerden concerning the 
theory of quasi-equality for ideals. Supposing, (iv), that o 
contains no other ideal a with {min w(a), aea; all w in W} 
= {0} but itself, it follows that in 0 the regular Noether 
ideal theory holds true. Finally, the theory of relative exten- 
sions is presented anew and a number of examples are given 
to illustrate the independence of the axioms (i)—(iv). 

O. F. G. Schilling (Chicago, IIl.). 


Nakayama, Tadasi. A remark on the sum and the inter- 
section of two normal ideals in an algebra. Bull. Amer. 
Math. Soc. 46, 469-472 (1940). [MF 2413] 

Let F be the quotient field of a commutative domain of 
integrity 0 in which the usual arithmetic holds. Let A be 
an algebra with a unit element over F. The following the- 
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orems are proved: Let $2, Ss, be four arbitrary 
maximal orders in A. If or if (41, $2) 
=(3s, then either and or 
S$2:=s. Both the left and the right orders of ($1, $2) are 
$199. Further, 3:9 if and only if (91, 93s; 
if this is the case, the distance ideal }2; of S¥2 to S, is divisible 
by the distance ideal d3; of $3 to $1. Let a, b, ¢ be three 
arbitrary normal ideals. Then a n b €¢ implies (a, 6) 2c", 
and conversely. The (left) order of anb is an intersection 
of two suitable maximal orders, and so is the left order 
of (a, 8). R. Brauer (Toronto, Ont.). 


Kalscheuer, Franz. Die Bestimmung aller stetigen Fast- 
kérper tiber dem Kérper der reellen Zahlen als Grund- 
kérper. Abh. Math. Sem. Hansischen Univ. 13, 413-435 
(1940). [MF 2392] 

A “Fastkérper” is a division algebra weakened by assum- 
ing only left (right) distributivity of multiplication with 
respect to addition. The Fastkérper is “‘continuous” if a 
limit process is definable in it distributive with respect to 
multiplication. Fastkérper exist which are not division alge- 
bras. It is proved by use of the representation theory for 
algebras and Lie rings that a sufficient condition for a 
continuous Fastkérper to be a division algebra is that its 
central contain the field of reals. The author suggests the 
problem of proving this result abstractly. M. Ward. 


MacLane, Saunders. Modular fields. Amer. 

Monthly 47, 259-274 (1940). [MF 2239] 

This invited address of the Mathematical Association is 
a descriptive summary of the present status of the theory of 
modular fields. The sources in elementary congruence the- 
ory, as well as ideal and p-adic number theory, are discussed 
and the description continued with a survey of the results 
recently obtained on the structure of infinite modular fields 
in terms of p-independence, separability and separating 
transcendence bases. Connections are also given with a 
generalized Galois theory, the theory of p-algebras and 
algebraic function theory. A.A. Albert (Chicago, IIl.). 


Math. 


Schilling, O. F. G. Regular normal extensions over com- 
plete fields. Trans. Amer. Math. Soc. 47, 440-454 
(1940). [MF 2161] 

Let k be a I-adic field or a field of power series in one 

indeterminate over a finite field, o the set of integers of k 

and (A) the prime ideal of 0. Then o/(X) is a finite field of 

’=g elements, where | is a prime. Let #2 be a fixed prime 

divisor of g—1. The present paper obtains the extensions K, 

called regular, which are normal fields over k with Galois 

groups of orders a power of ». For this purpose the author 
constructs NV the join of A;, where Ao=k, A; is the maxi- 
mum abelian extension of exponent p of Ai_1; A; and N® 

are normal over k. Every regular K is contained in some A;. 

The topologized Galois group of N® contains an every- 

where dense subgroup F) generated by two elements o, r 

such that r'er=o'+™, where p* is the greatest power of p 
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dividing g—1. Because of the everywhere density of F® ~ 


this group suffices to describe the finite subfields of N©), 
Thus a finite group G can be realized as the Galois group 
of a regular extension if and only if it is the homomorphic 
image of F®), The latter is analogous to the Fuchsian group 
in the theory of algebraic functions. Finally the author 
defines a normal division algebra D; of degree p* over k 
such that D,*/D;,*»*, D;* the multiplicative group of non- 
zero elements, is isomorphic to the Galois group G; of A; 
over k. If 3t; denotes the reduced norm in D; and H is the 
subgroup of D,* such that D;*/H=G(K, k), the Galois group 
of KSA; over k, then [k* : RiH]=[k* : N«K*]. 
N. Jacobson (Chapel Hill, N. C.). 


Schilling, O.F.G. Remarks on a special class of algebras. 

Amer. J. Math. 62, 346-352 (1940). [MF 1769] 

It is shown that if T is a field whose finite extensions are 
all cyclic, and k a field of algebraic functions of one variable 
with coefficients in 7, the classes of normal simple algebras 
over k can be characterized by invariants as in the case of 
algebraic numbers. The sum of the invariants is always 0; 
conversely, in the case k=7(x), to every system of pre- 
assigned invariants (almost all null) whose sum is 0 there 
corresponds a class of algebras. The same result does not 
hold for fields k of genus not equal to 0. Finally, it is also 
shown that, in the case k= T(x), every division algebra over 
k is ramified. It should be observed that the author uses 
the words “quasi algebraically closed” in a sense which is 
different from the one which results from the definition of 


Artin. C. Chevalley (Princeton, N. J.). 


Albert, A. A. On ordered algebras. Bull. Amer. Math. 

Soc. 46, 521-522 (1940). [MF 2422] 

The author proves that an ordered algebra with a 
finite basis over a field is itself a field. The proof de- 
pends on the factorization of the minimum polynomial 
=(A—d),) --- (A—d,) of an element d; of a normal 
division algebra, where d; are transforms of d,; and d, is 
chosen so that }-d;=0. N. Jacobson. 


Bannow, Erna. Die Automorphismengruppen der Cayley- 
Zahlen. Abh. Math. Sem. Hansischen Univ. 13, 240- 
256 (1940). [MF 2383] 

This paper establishes the correspondence between simple 
Lie algebras of order 14 over k of characteristic 0 and Cayley 
systems over k. This has also been obtained by the reviewer 
[Duke Math. J. 5, 775-783 (1939) ; these Rev. 1, 100]. The 
present methods are different from those of the reviewer 
and do not yield quite as much. The following new result 
is used in the proof: If L, is a semi-simple Lie algebra over 
k of characteristic 0 and Lx, K the algebraic closure of k, 
has an irreducible representation D4, whose maximal weight 
A is an integral linear combination of the roots (weights of 
the adjoint representation), then LZ; has an irreducible rep- 
resentation > in k such that the extension of bd is D,. 

N. Jacobson (Chapel Hill, N. C.). 


ANALYSIS 


Fourier Series and Integrals, Theory of 
Approximation 


Offord, A. C. Approximation to functions by trigonomet- 
ric polynomials. Duke Math. J. 6, 505-510 (1940). 
[MF 2333] 

Given a function f(x) of period 27, let U,(f, x) denote 


the trigonometrical polynomial of order not greater than n, 
assuming at the 2n+1 equidistant points 


(*) = i=0, 1, 2, 2n, 


2n+1) 
the same values as the function f(x). It is well known 
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[Griinwald, Ann. of Math. (2) 37, 908-918 (1936) ; Marcin- 
kiewicz, Acta Litt. Sci. Szeged 8, 131-135 (1937) ] that even 
if the function f(x) is continuous, the sequence of the poly- 
nomials U,(f, x) may diverge for every x. Let V,(f, x) de- 
note the trigonometrical polynomial of order not greater 
than ”, assuming at the points (*) respectively the values 
Bf + (x21) +f 
The author proves that, if the function f(x) is continuous, 
then the polynomials V,(f, x) tend uniformly to f(x). Let 

aX) = t ’ 

2n+1 2A 
where k, is an integer which may depend on n, but in such 
a way that A, tends to 0. Then, if f(x) is any function of 
period 2x and of the class L, the polynomials U,(f,, x) 
tend to f(x) at every point x such that 


n 


1 A 

(and so almost everywhere). It will be observed that, if for 

example k,=1 for all m, and if the function f(x) is very 


smooth, f,(x;) agrees closely with the expression (**). 
A. Zygmund (South Hadley, Mass.). 


Marcinkiewicz, Joseph. Sur une nouvelle condition pour 
la convergence presque partout des séries de Fourier. 
Ann. Scuola Norm. Super. Pisa (2) 8, 239-240 (1939). 
[MF 2039] 

It is well known that, if the Fourier coefficients a,, 5, of a 
function f(x) satisfy the condition 


(*) log n< 
n=2 


then the Fourier series of f(x) converges almost everywhere 
[Kolmogoroff and Seliverstoff, Atti Accad. Nat. Lincei. 
Rend. 3, 307-310 (1926); Plessner, J. Reine Angew. Math. 
155, 15-25 (1925) ]. On the other hand, condition (*) is 
equivalent to 


t 


[Plessner, loc. cit..] Marcinkiewicz proves that the Fourier 
series of f(x) converges almost everywhere if 


for some p, 1=p=2. Correction of a slip in a former paper 
of the author [Ann. Scuola Norm. Super. Pisa 8, 149-160 
(1939) ]. A. Zygmund (South Hadley, Mass.). 


Marcinkiewicz, J. Sur la convergence absolue des sé- 
ries de Fourier. Mathematica, Cluj 16, 66-73 (1940). 
[MF 2486 ] 

A theorem of P. Lévy, generalizing a theorem of N. 
Wiener [see Zygmund, Trigonometrical Series, 1935, p. 140], 
states that if. g(x) has an absolutely convergent Fourier 
series, and if f(x) is analytic in the closed interval (min g(x), 
max g(x)), then f[g(x)] also has an absolutely convergent 
Fourier series. The author shows that this result can be 
extended by requiring less of f(x) and more of g(x). He sets, 
for a real function g(x), of period 2x, g(x) => 
(2) and assumes that log | | =0(|z|*) 
(|z|-+), where 0<s<1; this will in particular be true if 
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X|c,|* converges. Then if there is a positive A such that 
f(x) satisfies the condition 


(*) |f™(x)|SA* nn", n=1,2,---, 


for m’ where m’ <m=min g(x), M’>M=max g(x), 
the Fourier series of f[g(x)] is absolutely convergent. For 
s=1, this would be precisely Lévy’s theorem. The author’s 
proof (which does not apply when s=1) depends on re- 
placing f(x) by a function H(x), coinciding with f(x) over 
(m, M), vanishing with all its derivatives at m’ and M’, and 
satisfying a condition of the form (*) (so that the mth 
Fourier coefficient of H(x), with respect to the appropriate 
interval, is O(q'""")). The sum of the absolute values of the 
Fourier coefficients of f[g(x)], which is the same as for 
H{ g(x) ], can be estimated by substituting the Fourier series 
for g(x) into that for H(x), and using the lemma that the 
sum of the absolute values of the Fourier coefficients of 
ee) does not exceed w(|a|) when a is real. The author 
also shows that there exist functions f(x) and g(x), both 
having absolutely convergent Fourier series, but such that 
the Fourier series of f[g(x)] does not converge absolutely. 
The function f(x) is equal to zero in (—7, 0) and at z, equal 
to (log x)~* in (0, 4), and linear in (4, +); and g(x) =f(x). 

There are several somewhat confusing misprints [notably 
n/p for | v|*/” in the conclusion of Lemma 7, and a redundant 
term f(x) in the last line of the proof of Lemma 10]. 

R. P. Boas, Jr. (Durham, N. C.). 


Sz4sz, Otto. On strong summability of Fourier series. 
Trans. Amer. Math. Soc. 48, 117-125 (1940). [MF 2509] 
Let f(é) be a function integrable L and of period 27; let 


o(t, u)=3{ f(t+-u) +f(t—u) —2s}. 


The paper contains new proofs of theTfollowing known 
results. (i) If f is of the class L*, and if for some s 


8 
f ¢*(t, u)du=o0(8), 
then the expression . 
(*) (s-()—s)? 


tends to 0 as m tends to infinity [Hardy and Littlewood, 
C. R. Acad. Sci. Paris 156, 1307-1309 (1913)]. (ii) If f is of 
the class L and if for some s 


ff let, w)|du=0(), 
0 


then the expression (*) is o(mlogm) [Hardy and Little- 
wood, Fund. Math. 25, 162-189 (1935) ]. <A. Zygmund. 


Bosanquet, L. S. A solution of the Cesaro summability 
problem for successively derived Fourier series. Proc. 
London Math. Soc. (2) 46, 270-289 (1940). [MF 2360] 
In an earlier paper (Quart. J. Math. 10, 67-74 (1939)], 

the author gave a necessary and sufficient condition that a 

differentiated Fourier-Lebesgue series should be summable 

by the method of arithmetic means of an assigned order. 

Here the result is extended to the case of Fourier series 

differentiated r times, r=1, 2, ---. The main result may be 
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stated as follows: Given a function f(x) of period 2x and 
of the class L, and a fixed point xo, let 


Then a necessary and sufficient condition that the Fourier 
series of f, differentiated formally r times, should be sum- 
mable (C, a+r), a=0, at the point x» to sum s is that there 
should exist constants a, such that (i) g(t) is integrable in 
the Cesaro-Lebesgue sense (see below) in (0, x) and (ii) its 
Fourier series is summable (C, a) to s at the point ‘=0, 
where, for —x<t<z, 


r even, 


“| ir-l 
(2r)! 


r! ) odd 
=— t)- t 
ri (2v—1)! 


An analogous result is stated for the series conjugate to the 
differentiated series. [Let g(t) be integrable L in every 
interval (¢, a), where 0<e<a (a fixed). If (*) limes S2g(t)dt 
exists, g(t) is said to be integrable CoL in (0,a@) to the 
value (*). If \=1,2,---, the function g(t) is said to be 
integrable C,L in (0, a) if 


xX 
<3) lim — (e—#)*"'dt f g(u)du 
P 
exists, where the outer integral is assumed to exist in the 
Cyi-.L sense. The limit ($) is by definition the value of the 


CL integral of g(t) over (0, a).] A. Zygmund. 


Bzauers, N. Différentiation et intégration des fonctions 
presque-périodiques de plusieurs variables réelles. Publ. 
Sem. Math. Univ. Lettonie, no. 14, 29 pp.=Acta Univ. 
Latviensis [Latvijas Universitates Raksti ] (3) 7, 235-263 
(1939). (French. Latvian summary) [MF 1423] 

It has been proved by Bohr by a method due to Bohl that 

a function f(x) of a real variable is almost periodic if it is 
bounded and possesses an almost periodic derivative f’ (x) ; 
another proof of this theorem has been given by Favard. 
The author proves the following generalization to functions 
of n real variables: A function f(x:, ---,,) is almost peri- 
odic if it is bounded and possesses almost periodic partial 
derivatives fxy'(x1, «++, Xn), fen’ (1, Xn). Two proofs 
are given, corresponding to those of Bohr and Favard for 
the case n=1. B. Jessen (Copenhagen). 


Kawata, Tatsuo. A remark on the non-vanishing of almost 
periodic functions. Proc. Imp. Acad. Tokyo 16, 157-160 
(1940). [MF 2497] 

From the analogous theorem of Levinson for Fourier 
transforms of L*? [J. Math. Phys. Mass. Inst. Tech. 16, 
185-190 (1938)], the author obtains the following result: 
Let 


S(x)~Lae™ and 
where f(x) is S.*a.p. and @(u) is an increasing function which 
makes f ;°0(x)x~*dx diverge. Further, let g(z) (s=x+iy) be 
a function analytic in e<x<d, 0<y<r and continuous in 
c<x«<d, OSy<r. Then, if f(x) =g(x) almost everywhere in 
some interval contained in (c,d), it holds almost every- 
where in (c, d). R. H. Cameron (Cambridge, Mass.). 


|ax| =OLe*™] as u> + @, 


Kawata, Tatsuo. Non-vanishing of functions and re- 


lated problems. Téhoku Math. J. 46, 328-339 (1940). 

[MF 2446] 

The author’s chief result is the following theorem which 
makes use of an idea of Wiener. Suppose that f(x) is the 
Fourier transform of a function G(u) which is real or purely 
imaginary and belongs to Li(—«, ©) and L2(—~, a) 
and vanishes for u>0 except in a sequence of non-over- 
lapping intervals I, uat+}), m=1, 2, 3, ---, where 
B= Moreover, let 0<A <G(u)/G(v) <B for 
Un — <u, Let g(z)=g(x+ig) be a function ana- 
lytic in c<x<d, O0<g<r, and continuous in c<x<d, 
O=y<r. If f(x)=g(x) in some interval in (c,d), then 
S(x)=g(x) in (c,d). Using a well-known simple device in 
transform theory the author extends this result as well as 
a non-vanishing theorem of the reviewer from Fourier trans- 
forms to Fourier-Stieltjes transforms. N. Levinson. 


Martin, W.T. Analytic functions and multiple Fourier inte- 
grals. Amer. J. Math. 62, 673-679 (1940). [MF 2464] 
If ---, is of integrable square in — <u,<@ 

and vanishes outside a finite interval, if s(A) =s(A1, ---, Xs) 

is the supporting function of the smallest convex region 
outside of which ¢ vanishes, and if we introduce the analytic 
function 


f(zs, «++, Sn) 


then s(A) is equal to the growth-function 
max lim — log «++, an+idnp) |. 
a p 


This result is due to Plancherel and Pélya. By another 
argument the author identifies s(X) with 


1 1 


thus replacing a lim by a true lim. If g(u) vanishes only 
outside an ‘“‘octant’”’ — «© <u,Sa, then the author’s equality 
still holds for \>0. S. Bochner (Princeton, N. J.). 


Iyanaga, Shékichi and Kodaira, Kunihiko. On the theory 
of almost periodic functions ina group. Proc. Imp. Acad. 
Tokyo 16, 136-140 (1940). [MF 2370] 

The authors show that a function f(x) on an arbitrary 
group G is almost periodic in the sense of von Neumann if 
and only if it is uniformly continuous with respect to a 
group invariant metric for which G is totally bounded, an 
admissible metric being p(x, y)=l.u.b. | f(axb)—f(ayb)|, 
a, beG. It seems to the reviewer that this modification of 
von Neumann’s definition is not really new; see H. Weyl 
[Ann. of Math. (2) 35, 488-489 (1934)] and E. R. van 
Kampen [Ann. of Math. (2) 37, 80-81 (1936) ]. 

S. Bochner (Princeton, N. J.). 


Gelfand,I. To the theory of normed rings. II. Onabso- 
lutely convergent trigonometrical series and integrals. 
C. R. (Doklady) Acad. Sci. URSS (N.S.) 25, 570-572 
(1939). [MF 2078] 

A set R of elements x, y, --- is a normed ring as defined 
by the author in a previous paper [C. R. (Doklady) Akad. 
Sci. URSS (N.S.) 23, 430-432 (1939)] if it is a ring with a 
unit element e and at the same time it is a complete complex 
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normed space in which |xy|=|x|-|y| and |e] =1. Ideals 
are defined in R in the usual way; an ideal which is not the 
whole ring or the null ideal is non-trivial ; a non-trivial ideal 
not contained in another non-trivial ideal is a maximal ideal. 
The basis of the present paper is the lemma that an element 
x of a commutative ring has an inverse x~ if and only if it 
does not belong to a maximal ideal. Using this, the author 
proves Wiener’s theorem [Ann. of Math. (2) 33, 1-100 
(1932); p. 14] that if and f(x)=Da,e™* 
never vanishes, then [f(x) where <0. 
He also states a generalization of this theorem which in- 
cludes the Wiener-Pitt theorem on reciprocals of Fourier- 
Stieltjes transforms [Duke Math. J. 4, 420-436 (1938) ]. 
Finally, he states the following abstract theorem. Let the 
numerical functions a(¢) and f(t) defined on the abelian 
group G satisfy 0<a(t+s)=Ca(t)a(s) when s,teG and 
Yuca(t)|f()| < © (so that f(t) =0 except on an enumerable 
set); and let xcf(t) exp [p(t) ]x(4) #0 for every character 
x(t) of Gand every real function satisfying p(¢+-s) = p(t) +(s) 
and p(t) log a(t). Then there exists a function g(#) satis- 
fying Dea(t)|g(t)| and = do, «. 
R. H. Cameron (Cambridge, Mass.). 


Gelfand, I. To the theory of normed rings. III. On the 
ring of almost periodic functions. C.R.(Doklady) Acad. 
Sci. URSS (N.S.) 25, 573-574 (1939). [MF 2079] 

In this paper the author applies his theory [see the 
preceding review ] to the ring R which consists of all Bohr 
almost periodic functions, the norm of a function being the 
least upper bound of its absolute value. The author shows 
that R is isomorphic to the ring of all continuous functions 
defined on the group of characters of the additive group of 
real numbers, with the usual topologization of the group 
of characters introduced by van Kampen. 

R. H. Cameron (Cambridge, Mass.). 


Varma, R.S. A pair of functions which are Fourier Bessel 
transforms of each other. Bull. Calcutta Math. Soc. 31, 
91-94 (1939). [MF 2230] 

The result, as indicated in the title, is derived from cer- 
tain formulae given by A. Erdélyi [J. London Math. Soc. 
13, 146-154 (1938) ], and also, more directly, from a result 
of B. M. Wilson [Messenger of Math. 53 (1923) ]. 

O. Szész (Cincinnati, Ohio). 


Kober, H. On Dirichlet’s singular integral. Quart. J. 
Math., Oxford Ser. 11, 66-80 (1940). [MF 1868] 
Let feL,(— ©, ©), p=1, and 


in a(t—s) 
D.f=f(s, a) 


The main purpose of the author is to extend various results 
concerning D,f obtained in older work by Hille and Tamar- 
kin [Bull. Amer. Math. Soc. 39, 768-774 (1933) ; Compo- 
sitio Math. 1, 98-102 (1934) ] and by Hille [Trans. Amer. 
Math. Soc. 39, 131-153 (1936) ; Proc. Nat. Acad. Sci. U.S. A. 
24, 159-161 (1938); Ann. of Math. (2) 40, 1-47 (1939) ]. 
We mention the following results: (i) If fel:, then D.feL, 
for all r>1. (ii) It was known that ||D.f||,=C,|lf\|p, p>1; 
now the author proves that, if A, is the best possible value 
of C,, then A,=A,-(p’=p/(p—1)); Ap» is a non-decreasing 
and continuous function of p(22) and ap<A,<4p/log 2 
for some a>0. The main tool of the author is the result: 


(iii) If 1 =p<o, feL,, geL,, then 
de(s)as= f fisde(s, ads 


(known before only for p=r=2). The author applies his 
results to a discussion of various cases when D,f=f or 
D.f=0. Finally he discusses f(s, «) in a complex domain and 
considers the problem of representation of entire functions 
of some classes by their Dirichlet integrals. Thus, if f(z) is 
an entire function such that 


is finite, and if f(z)(1+|z|)~*eL,(— ©, @) on the real axis 
for some p, 0<p31, then, for B2=ao, f(s) =f(s, 8). The last 
condition may be replaced by f(z)eL,(— ©, ) for some 
p>0. Analogous result holds if the axis of reals is replaced 
by any line extending to infinity in both directions. 

J. D. Tamarkin (Providence, R. 1.). 


Mohan, Brij. Certain self- functions. Bull. 
Amer. Math. Soc. 46, 466-468 (1940). [MF 2412] 
The function 


 Fi(—n; 22/2), A+2n>—-1, 


is its own J, transform; several known functions with this 
property are obtained as special cases. The same function 
was given by the author in Quart. J. Math., Oxford Ser. 10, 
252-260 (1939) [these Rev. 1, 140]. R. P. Boas, Jr. 


Agnew, Ralph Palmer. On kernels of faltung transfor- 
mations. Trans. Amer. Math. Soc. 48, 1-20 (1940). 
[MF 2502] 

The author is concerned with the following general prob- 
lem. Let J(t), — © <t< «©, be complex-valued. Let B be the 
class of measurable functions of finite measurable upper 
bound on (— ©, ©), and let L=L(— «, Form 


x(s)eL, 


when it exists. Let it be known that whenever J has the 
property P, then y(s) has the property Q for every x(t)eL. 
Name a set X CL such that y(s) having the property Q for 
every x(s)eX implies that J has the property P. This ques- 
tion is answered in a number of instances. The class X is L 
itself or the sub-class S of step functions having infinitely 
many steps but only a finite number in every finite interval. 
S,, denotes the class of step functions where each step is one 
unit long. If, for each xeS,, y(s) exists for at least one s, then 
J(t) is measurable and the integral of its absolute value 
taken over any interval of length one is bounded. If, for 
each x(s)eS, y(s) exists for almost all s, and y(s)eZ (or B), 
then J(t)eL (or B, respectively). By examples the author 
shows that in the latter theorem it is not enough that the 
hypothesis holds for every x(s)eS,, and in neither theorem is 
it enough to assume that the hypothesis holds for all ordi- 
nary step functions. E. Hille (New Haven, Conn.). 


¥(s)= f 


Pollard, Harry. Note on the inversion of the Laplace inte- 
gral. Duke Math. J. 6, 420-424 (1940). [MF 2325] 
Widder has shown that the Laplace integral 


x)= 
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is inverted by the operator 


—1)* 
(2) 1f (x) 

k! 
in the sense that if $(f) is integrable in every finite interval 
and (1) holds for x>c, then (3) lim,.. (f(x) ]=¢(é) for 
almost all ¢>0, in particular wherever ¢(¢) is continuous. 
Here the same assumptions are shown to lead to the same 
conclusions if the meaning of the operator L,, is altered 
by substituting in the right hand side of (2) the value 
x=(k+,)/t, rather than k/t, 0 being an arbitrary sequence 
of positive fractional values. A second theorem states a 
similar result if ¢(¢) is normalized and of bounded variation 
on finite intervals, now, however, (3) holding for all ¢>0. 
By means of these extensions of Widder’s work the author 
proves the inversion formula of Feller and Dubourdieu 
{Duke Math. J. 5, 661-674 (1939), these Rev. 1, 52; Com- 
positio Math. 7, 96-111 (1939), these Rev. 1, 73] under the 
somewhat more general assumption that the weight func- 
tion F(t) is of bounded variation on finite intervals. 

I. J. Schoenberg (Waterville, Me.). 


Biggeri, Carlos. On the abscissas of convergence of La- 
place integrals. Bol. Mat. 13, 34-41 (1940). (Spanish) 
[MF 1976] 

The author states the following theorem: 


f f 
i 1 


have always the same abscissa of convergence, w being an 
arbitrary complex number. He then affirms that the con- 
siderations made in his earlier paper [An. Soc. Ci. Argentina 
128, 65-70 (1939); these Rev. 1, 140] afford a complete 
proof of the present theorem. [It may be remarked that the 
theorem is an immediate consequence of Abel’s generalized 
theorem. ] The author also makes some didactical remarks 
on Laplace integrals and Dirichlet series. 
A. Gonzdélez Dominguez (Buenos Aires). 


Chlodovsky, I. Les fonctions presque absolument mono- 
tones. C.R. (Doklady) Acad. Sci. URSS (N.S.) 25, 727- 
730 (1939). [MF 2126] 

The class of absolutely monotone functions investigated 
by S. Bernstein [Acta Math. 52, 1-66 (1929) ] is extended to 
a more inclusive class of almost absolutely monotone 
(a.a.m.) functions according to the following definition. F(x) 
is a.a.m. on the half-axis — © <x=0 if to arbitrary negative 
numbers a and 6 and an arbitrary positive integer N there 
corresponds a positive B=8(a, 5, N) such that the gener- 
alized differences 


F(a) — 


are all non-negative. An equivalent form of this definition 
states that any sequence {F(a+mé)} (a0, 5<0) is the 
sequence of moments of a non-decreasing function in an 
interval (0, 1(8)). Ten theorems are stated without proof 
which roughly follow and extend Bernstein’s theory [loc. 
cit. ]. The result that a.a.m. functions admit a representation 
as a doubly infinite Laplace integral F(x) = [°_e**dw(t), w(t) 
non-decreasing, should be connected with the work of 
Widder [Bull. Amer. Math. Soc. 40, 321-326 (1934)] to 
which the author does not refer. The theory is based on the 


n=0, 1, N, 


work of Stieltjes, S. Bernstein, Hausdorff and M. Riesz 
(not F. Riesz, as stated by the author]. 
I. J. Schoenberg (Waterville, Me.). 


Bergman, Stefan and Martin, W. T. A modified moment 
problem in two variables. Duke Math. J. 6, 389-407 
(1940). [MF 2323] 

The authors are concerned with the problem of deter- 

mining a solution v2) of class L? on 00,51, 

which satisfies the moment equations 


1 1 
f f 0) V2)dv;dv2= Y,, 
o“o 


An» Complex numbers with > —3, > —4, and 
Y, given. This involves also a consideration of the corre- 
sponding homogeneous case. By introducing new variables 
%=e“* and then applying a Fourier transform, they show 
that the nonhomogeneous problem is equivalent to the 
existence of an analytic function of two complex variables 
on the quarter space O4= E[$(z,) >0, (k=1, 2)] such that 


f f | <cy< 


for all y,>0 and such that f[(3+),)i, Y,, that 
is, an interpolation problem in a class of analytic functions. 
The corresponding homogeneous problem depends upon the 
presence of functions F(z;,22) analytic on 9(z:)>—} 
(k=1, 2) corresponding to 


1 1 
f f V2)dvdv2 
0 


as ® ranges over L*, with zeros at the set (21, Z2)n= (An, Hn), 
and the nature of these zeros. By limiting themselves to 
functions of this set analytic in the given region and having 
only unrelated function zeros, which amounts essentially to 
the idea that the mode of vanishing of f is determined at 
each point a, by the vanishing of a special function f, of 
the class, then sufficient for the existence of a solution of 
the homogeneous problem is the convergence of the series 
log A(an), where 


a,= ’ 

3+2r, 

and A(a) is the l.u.b. of |(0,0)| for all h, analytic on 


|ze| <1, such that 


f f | h(rie®:, | *d0.d0.<c 
0 0 


for 0<r,.<1 which vanish at a. For a corresponding neces- 
sary condition, A(a) is replaced by a similar function C(a) 
derived from the double harmonic Green's function relative 
to an analytic function h(2;, 22) on |z| <r. 

T. H. Hildebrandt (Ann Arbor, Mich.). 


Iyengar, K.S. K. Ona test for the completeness (L’) of 
a normal orthogonal set and its applications. J. Indian 
Math. Soc. (N.S.) 4, 1-12 (1940). [MF 2028] 

It is shown that Parseval’s theorem holds for an arbitrary 
function of class L? with respect to a given orthonormal set 
on the interval (0, 1) if it holds for the function equal to 1 
in (0,a@) and equal to 0 in (a, 1), when a is an arbitrary 
number of the interval 0Sa=1. This is equivalent to but 
slightly simpler in statement than a condition given by 


MATHEMATICAL REVIEWS 


Kaczmarz and Steinhaus [Theorie der Orthogonalreihen, 
Warszawa-Lwéw, 1935, p. 95]. The condition is then applied 
to the proof of Parseval’s theorem for the series of Fourier, 
Legendre, Hermite and Laguerre. D. Jackson. 


Sidon, S. Uber Orthogonalsysteme. Compositio Math. 

7, 372-375 (1940). [MF 1870] 

The following theorem is proved : Let ¢:(x), g2(x), --- be 
a normal orthogonal system in (0,27) and suppose that 
each ¢,(x) is piecewise continuous in (0, 27) and satisfies 
0<m<|¢n(x)| <M for some m, M independent of x and n. 
Then there is a sequence of integers m with the property 
that, if {a,} is any real null sequence, an integrable function 
f(x) exists which satisfies 


= on, k=1,2,--- 


If {¢va(x)} is the trigonometrical system, the result holds 
for any sequence 7, satisfying m,/n,.>q>1, but whether 
this is true in the general case is left open. H.R. Pitt. 


Muzen, Petar. Sur une application du théoréme de Mol- 
lerup. Mathematica, Cluj 16, 97-101 (1940). [MF 2490] 
The application of a theorem of Mollerup [Math. Ann. 

66, 511-516 (1909) ] together with a result of Pélya and 

Szegs [Aufgaben und Lehrsadtze aus der Analysis, vol. 2, 

52-53] yields a new sufficient condition in order that a 

sequence 1, ¢:(x), ¢2(x), --- be a basis of all continuous 

functions in a given interval. A special case is closely related 

to a result of the reviewer [Math. Ann. 104, 155-160 

(1931) ]. O. Szdész (Cincinnati, Ohio). 


Hadwiger, H. Eine Bemerkung iiber Umordnung von 
Reihen reeller Funktionen. Téhoku Math. J. 46, 22-25 
(1939). [MF 1163] 

The following theorem is proved : There exists a sequence 
of polynomials p,(x) with rational coefficients such that: 
(i) }\p,.(x)=0 uniformly in OSx=1; (ii) if F(x) is any 
function continuous in 0=x=1, the series can be reordered 
so as to converge uniformly to F(x). Construction : Order 
the set of all rational polynomials in a sequence {P,} 
and choose a monotonic sequence of integers 4,—>* such 
that |P,|<\,/m. If, then, with 
0<s=2X, the author puts 

W. Feller (Providence, R. I.). 


Raikov, D. A. On the local approximation of differentiable 
functions. C. R. (Doklady) Acad. Sci. URSS (N.S.) 24, 
653-656 (1939). [MF 2055] 

A necessary and sufficient condition that a function f(x) 
have an nth derivative satisfying a Lipschitz condition of 
order a1 on a real interval (a,b) is shown to be the 
existence of approximations to f(x) on an arbitrary sub- 
interval (x1, x2) of (a,b) by polynomials of the mth degree 
(with the same m) with an error not exceeding a constant 
multiple of |x:—x2|"*+*, the constant multiplier being inde- 
pendent of x; and x». The connection is established by 
consideration of the magnitude of the (m+1)st difference 
of f(x). D. Jackson (Minneapolis, Minn.). 


Erdés, Paul and Turaén, Paul. On interpolation. III. 
Interpolatory theory of polynomials. Ann. of Math. (2) 
41, 510-553 (1940). [MF 2552] 

[The first part appeared in Ann. of Math. (2) 38, 142-155 
(1937), the second, ibid. 39, 703-724 (1938). The present 
paper may be read without a knowledge of the preceding 
ones. ] In this paper the authors contribute to each of the 


following major problems concerning systems of polynomials 
orthogonal or otherwise: (a) the behavior of the poly- 
nomials within the interval [—1, +1], (b) the behavior in 
the plane cut along [—1,1], (c) distance of consecutive 
roots, (d) number of roots in a fixed subinterval (mean 
distribution of roots). The results refer to orthogonal poly- 
nomials (~-systems) as well as to more general systems 
(M-systems) arising in the theory of interpolation [Fejér, 
Math. Ann. 106, 1-55 (1932) ]. Following Fejér’s method of 
attack the authors establish a number of theorems of what 
they call Fejérian type: theorems deriving properties of 
w,(x) =Ii(x—x,™), n=1,2,---) from 
properties of the corresponding Lagrangian fundamental 
interpolatory functions. A typical Fejérian theorem here 
derived is as follows [Th. V]. Let 
= » k=l,-->,n, 
(x— 


be the fundamental functions corresponding to a Dt-sys- 


tem. If (1) S(1+6)* (—1Sx*31; k=1, ---, ), for 
n>n(e), holds for arbitrarily small ¢, then 
holds for all z in the plane cut along —1 --- +1, those 


branches of the roots being taken which are greater than 0 
if z>1. 

The characteristic way in which a Fejérian theorem is 
applied is as follows. It is shown [Lemma VII] that the 
assumption (1) holds if the w,(x) are the orthogonal poly- 
nomials corresponding to a L-integrable weight function 
p(x)=0 whose zeros form a set of measure zero. As a con- 
tribution to problem (b) it thus follows that orthogonal 
polynomials of the nature just stated satisfy (2) [Th. VI]. 
A further Fejérian theorem [Th. XII] states that (1) also 
implies asymptotic equidistribution of the roots x, ---, 
x,™ on the semicircle y=Vi-x# (y=0) if these roots are 
projected vertically onto that semicircle. By Lemma VII 
above this represents a contribution to problem (d) im- 
proving on results of Szegé. The equidistribution problem 
is followed up by the setting up of an error term under 
various assumptions on the weight function. For many 
results left unmentioned we refer to the paper. 

I. J. Schoenberg (Waterville, Me.). 


Erdis, P. On the distribution of normal point groups. 
Proc. Nat. Sci. U. S. A. 26, 294-297 (1940). [MF 1810] 
Let —15%,<x2.<---<x,S+1; we denote by f,(x) 

*_1f(x,)h,(x) the “step parabola” of degree 2n—1 intro- 
duced by Fejér; it can be characterized by the conditions 

Sn(%r) =f(xr), fn’(x,) =0. Fejér calls the set {x,} normal if 

h,(x)=0 in —1SxS+1. The roots {z,} of 

(P,(z) is Legendre’s polynomial in the usual notation) are 

of this kind, z:=—1. The author proves the following 

theorem: z,=x,, v=1,2,---,m. Various applications are 
indicated. G. Szegé (Stanford University, Calif.). 


, S. Sur le procédé d’interpolation de Fejér. 

C. R. (Doklady) Acad. Sci. URSS (N.S.) 24, 318-321 

(1939). [MF 2046] 

The author continues Fejér’s classical investigations in 
the theory of interpolation [Nachr. Ges. Wiss. Géttingen 
1916, 66-91, and 1918, 319-331]. Let the real f(x) be con- 
tinuous in —1=x1 and let L,(x) be the polynomial of 


rin 
Zz 
3 
it 
x 
ae 
1, 
ge: 
Wie 
at 
IS. 
he 
} 
- 
ng 
to 
at 
of 
of 
Ast 
les 
oa 
es- 
(a) 
ive 
of 
ian 
set 
1 
ary 
but 
by 


334 MATHEMATICAL REVIEWS 


degree not greater than nm—1 such that L,(x,,)=f(x,.) 
(v=1, ---, =), where x,, are the zeros of the nth Tshebysheff 
polynomial. Let likewise L,(x) be the polynomial of degree 
not greater than 2n —1 satisfying L(x.) =f(x»n), Ln’ (Xen) =0. 
Fejér had shown, in 1916, that, while L,(x)—f(x) need not 
always hold as n— we always have (1) L,.(x)—>f(x), even 
uniformly in —1Sx=1. Let now f(z) be analytic and regu- 
lar for |z| <1, continuous for |z|=1, z,, the mth roots of 
unity, L,(z) of degree not greater than n—1 such that 
Lu(Zen) =f(Zn). Let likewise L,(z) be of degree not greater 
than kn—1 satisfying La“ (Zn) =0 (v=1, 
+++, m; «=1,---,k—1; k a fixed integer not less than 2). 
Fejér had shown, in 1918, that L,(z)—f(z) uniformly for 
|z| =r <1; also that it need not hold for |z| =1. In view of 
Fejér’s result (1), one would expect that (2) L,(z)—f(z) 
uniformly for {z|=1. The author’s results are as follows. 
Relation (2) holds uniformly for |z|=r<1, but not always 
for |z|=1. The proof is merely sketched and based on 
certain estimates which are given without proof. Finally 
sufficient conditions on f(z) are given, which insure (2) to 
hold uniformly in |z|=1, such as: (a) a Lipschitz or Dini 
condition on f(z) for |z|=1; (b) the absolute convergence 
for |z|=1 of the power series of f(z) (with an elegant direct 
proof) ; (c) the absolute continuity of f(z) on |z| =1. 
I. J. Schoenberg (Waterville, Me.). 


Gontcharoff, M. Sur quelques séries d’interpolation géné- 
ralisant celles de Newton et de Stirling. Uchenye Za- 
piski Moskov. Gos. Univ. Matematika 30, 17-48 (1939). 
(Russian. French summary) [MF 2103] 

Necessary conditions and sufficient conditions are found 
for an integral function f(z) to be developable in series of 
the form 


Colt) +5: ). 


m=1 m?!e 


or in series of the form 


n 2? 
Cle)+ Cae) (1- ). 
m=E,’ log,?/*m 


n=E,’ 


where p>0, p and & are positive integers not less than 1, 
the C,(z) are polynomials of degree p—1, log, x is an iter- 
ated logarithm of order k, and £;’ is defined by iterated 
exponential functions: 


€1(x) =e(e.-1(x)), E,’= [e.(0) J+1. 


These conditions contain an indicatrix characterizing the 
growth of f(z) in a given direction. The results for p=1 and 
p=1 were obtained earlier in a more precise form by Carlson 
and Nérlund [see, for example, N. E. Nérlund, Lecons sur 
les séries d’interpolation, 1926]. W. Seidel. 


Kamenetzky, I. M. Sur Vlinterpolation au moyen des 
dérivées et sur les procédés d’interpolation correspon- 
dants. I. C.R. (Doklady) Acad. Sci. URSS (N.S.) 25, 
356-358 (1939). [MF 2073] 

There is given a sequence of integers (1) 0=m)=mS--- 
<M», and a sequence of points Xo, x1, «++, Xm of the complex 
plane such that (2) |x;—x,;|+|n:—n;|>0 if ixj. The 
author determines first necessary and sufficient conditions 
on the sequence (1) in order that the equations f,,"“(x,) 
=c; (i=0, 1, ---, m) be satisfied by one and only one poly- 
nomial f,,(x) of degree not greater than m, if the x; are 
arbitrary but subject to (2) and c; are arbitrary constants. 
These conditions are: (a) (i=0, ---, m), (b) to eacht 


there corresponds a j such that n;=n;=j. A sequence (1) 
satisfying (a) and (b) is called “graded” (graduée). An 
infinite sequence {m;} is called “graded” if every finite part 
No, Nm (m=O, 1, --~-) is graded. If now {x;} is an infinite 
sequence of points subject to (2) and f(x) a given function, 
the equations f,,* (x;) =f (x;) (¢=0, ---,m;m=0,1, ---) 
define a process of interpolation (P,,) which is said to con- 
verge in a set M provided f,,(x)—f(x) as m—o, while 
xc M. Two important examples of graded sequences are 
(I) m;=0, leading to the ordinary Newtonian process, 
(II) n;=%, leading to the generalized Abel interpolating 
process. For this special case of n;=i, Goncharoff has shown 
that, if (3) < ©, and if f(x) is holo- 
morphic in |x—X| <R, then (4) fn(x)—>f(x), uniformly for 
|x—X|=R—<e[Ann. Ecole Norm. Super. 47, 1-78 (1930)], 
The author states that (3) implies (4) also in the general 
case of a process (P,,), provided the x; are all on a straight 
line, the region in which (4) is assured being now only 
|x—X|<R/2. A second result refers to the case when 
—1=x;=1. It is stated that, if f(x) is an integral function 
of class less than [1, 7/4], then (4) holds in the whole 
plane. This extends a result by the reviewer [Trans. Amer. 
Math. Soc. 40, 12-23 (1936) ]. No proofs are given. 
I. J. Schoenberg (Waterville, Me.). 


O’Brien, Katharine E. Some problems in interpolation by 
characteristic functions of linear differential systems of 
the fourth order. Bull. Amer. Math. Soc. 46, 281-290 
(1940). [MF 1834] 

The systems considered are u“)—p‘tu=0 with the re- 
spective boundary conditions 


I. u’(0) =u’ (0) =u’ (1) =u" (1)+u(1) =0, 
II. u’(0) (0) =u’ (1) +u(1) =u’ (1) +4" (1) =0, 
III. u(0) =u’’(0) =u(1) =u’ (1)+u’(1) =0, 
IV. u’(0) (0) =u(1) =u" (1) +4’ (1) =0, 
V. u(0)=u’(0) =u(1) =u’(1) =0, 
VI. u’(0) (0) =u(1) =u’(1) =0. 


Denoting the characteristic functions of either system by 
u,(x) (n=0, 1, ---), f(x) defined in [0, 1], the interpolating 
function investigated is 


Dol f(x) ]=ccoptio(x) +arpui(x) +--+ +apptp(x), 


where 


Here x,.=2k/(2p+1) (k=0,1,---,p) and the symbol >’ 
means 


P 
2’ 
=0 


the problem being to find conditions insuring that (1) 
limps f(x)]=f(x). The results are as follows. Let f(x) 
be continuous and of bounded variation in [0, 1]. Then, 
for I and II, (1) holds uniformly in [0, 1]. If (0) =f(1) =0, 
(1) holds uniformly in [0, 1] also for III. If f(1) =0, (1) holds 
uniformly in [0, 1— 17] in the case of IV. In the case of V and 
VI the conditions on f(x) are strengthened, a Lipschitz con- 
dition in [0,1] being assumed, with the result that, if 
f(0) =f(1) =0, (1) is shown to hold uniformly in [y, 1-7]. 
The problem and the methods used follow the work of 
C. M. Jensen [Trans. Amer. Math. Soc. 29, 54-79 (1927)]. 
Only the case of the system V is fully presented, also with 
an extension to the case of u“)—(p*+ (x))u=0 with the 
same boundary conditions V. I. J. Schoenberg. 
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Losinsky, S. Uber mechanische Quadraturen. Bull. 
Acad. Sci. URSS. Sér. Math. [Izvestia Akad. Nauk 
SSSR] 4, 113-126 (1940). (Russian. German sum- 
mary) [MF 1984] 

Let [a, 6] be a given finite closed interval; let, for each 
n, be given distinct points in [a, 5], i=1, 2, ---, m, 
and constants \;™. Let f(x) be Riemann integrable 
on [a,b]. Let The problem is 
to find necessary and sufficient conditions in order that 
0.(f)—~-JSef(x)dx for a given subclass of R-integrable func- 
tions f. Pédlya [Math. Z. 37, 264-286 (1933) ] solved this 
problem for the classes (P) (polynomials), (C) (continuous 
functions), and (R) (R-integrable functions). In the present 
paper the author gives a solution of the problem for the 
classes (A) (absolutely continuous functions), (V) (func- 
tions of bounded variation), (U;) (functions with all dis- 
continuities of the first kind), (U2) (functions with no more 
than denumerably many discontinuities). The necessary and 
sufficient conditions are as follows: 


(A) (i) Q.(f) converges for all polynomials; (ii) | ¥ je,g)\;™ | 
=M for all n and all [a, 6], aSa<BSb. 

(V) (i) ta, = B—a, =0, aSESS; 
(ii) the same as in the case (A). 

(U;) (i) the same as in the case (V); (ii) D?u|A™|SM 
for all . 

(U:) (i) and (ii) the same as in the case (U;); (iii) for each 
e>0O there is an 7=7n(€)>0 such that, whenever an 
interval Ie[a, b] is of length less than 7, then A(J) <e. 
Here, for any set E, A(E)=lim |. 


Finally let 5; be m closed non-overlapping intervals cover- 
ing [a, b] such that 6;™ contains just one point x;™. Let 
f be Lebesgue integrable and 


Let also max; 6;~—+0 as n— «©. The author proves that in 
order that Q,(f)—JS2f(t)dt it is necessary and sufficient that 
(i) fa, =B—a, aSa<BS); (ii) | 
41,2, ---, 2; n=1, 2, J. D. Tamarkin. 


Functional Analysis, Ergodic Theory 


Smulian, V. On the principle of inclusion in the space of the 
type (B). Rec. Math. [Mat. Sbornik] N.S. 5 (47), 317- 
328 (1939). (Russian. English summary) [MF 2303] 
Necessary and sufficient conditions for regularity, regular 

closure and weak compactness of Banach spaces are obtained 
in terms of the existence of a non-vacuous intersection for 
monotone, bounded sequences of convex closed sets. The 
following are typical theorems. (1) In order that a Banach 
space be regular it is necessary and sufficient that every 
transfinite bounded sequence of convex closed sets, 


Ki2 K22 ---2K;2---, any limiting ordinal, 


have a non-vacuous intersection. (2) In order that a linear 
subspace F of E be regularly closed it is necessary and 
sufficient that every transfinite, bounded, monotone se- 
quence of convex, transfinitely closed sets, each intersecting 
F, have a non-vacuous intersection, also intersecting F. 
Theorem (1) also remains true if one substitutes “weakly 
compact” for “regular” and w for @. J. V. Wehausen. 
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Fortet, Robert. Remarques sur les espaces uniformément 
convexes. C. R. Acad. Sci. Paris 210, 497-499 (1940). 
[MF 2013] 

In a uniformly convex space B, a vector x is said to be 
orthogonal to y if the projection of x on the manifold {ay} 
is the zero vector (the projection of an x on a closed linear 
manifold It in B is that unique vector zeW for which 
||X —x|] assumes its minimum, XeWt). B is said to have a 
uniformly regular norm if there exists a positive function of 
o({A]), with such that for all 
x, yeB with ||x||=||y|| =1, x orthogonal to y, 
So(|X|). It is stated that in such a space: I. The set of 
vectors y to which a fixed vector x is orthogonal is a closed 
linear manifold. II. The space B adjoint to B is uniform! 
convex and has a uniformly regular norm. III. B and B 
may be mapped on one another by a bicontinuous linear 
transformation (they are isomorphic). E. R. Lorch. 


Moskovitz, David and Dines, L. L. On the supporting- 
plane property of a convex body. Bull. Amer. Math. Soc. 
46, 482-489 (1940). [MF 2416] 

In a linear space with inner product a convex body (a 
closed convex set with inner points) is completely supported 
at its boundary points. This was proved by Ascoli for a 
separable Euclidean space. N. Dunford. 


Krein, M. and Smulian, V. On regularly convex sets in the 
space conjugate to a Banach space. Ann. of Math. (2) 
41, 556-583 (1940). [MF 2554] 

A set K cE* is called “regularly convex” if for every 
gtK there exists such that supyex f(x0) <g(xo). In case 
K is a linear subspace of E* this definition is equivalent to 
that of regular closure, and it is shown that some known 
criteria for regular closure can be restated so as to apply to 
regular convexity; for example, in order that a set K c E* 
be regularly convex it is necessary and sufficient that it be 
convex and transfinitely closed. The regularly convex en- 
velope of a set is meaningful and a representation for the 
envelope of a bounded set is obtained. The envelopes of both 
logical and linear sums of sets are also investigated. Normed 
factor-spaces are introduced, their conjugate spaces are de- 
termined, and the following theorems are proved. Let G be 
a closed linear subspace of E. In order that E (1) be regular, 
or (2) have a weakly compact unit sphere, it is necessary 
and sufficient that both G and E/G have properties (1) or 
(2), respectively. In the last section various theorems con- 
cerning weak compactness, regular convexity and ordinary 
convexity are proved. We quote one. If a set GcE is 
weakly compact in E, so is its (ordinary) convex envelope. 

J. V. Wehausen (Columbia, Mo.). 


Price, G. Baley. On the completeness of a certain metric 
space with an application to Blaschke’s selection theorem. 
Bull. Amer. Math. Soc. 46, 278-280 (1940). [MF 1833] 
The purpose of the note is to prove that the metric space 

K*, whose elements are the closed bounded non-null sub- 

sets of a complete metric space K, is complete, the metric 

of K* being the Hausdorff distance. This result is applied 
to the case where K is a Banach space. Properties of K* in 
this case are given and from them it is shown that the limit 
of a sequence of convex sets in K* is convex. An extension 
of Blaschke’s selection theorem on convex sets is obtained 
by showing that if E is a closed compact subset of K, E* the 
subset of K* consisting of the closed non-null subsets of EZ, 
and Ec* the subset of E* consisting of convex sets, then 
E¢* is closed and compact. H. E. Bray. 
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Hellmich, Kurt. Funktionen, deren Werte Mengen sind. 
Monatsh. Math. Phys. 49, 73-104 (1940). [MF 2132] 
A set-point function (sp-function) F(a) is one whose argu- 

ment @ ranges over a set A of “points” (elements), and 

whose “values” F(a) are sets. The purpose of the paper is to 
extend various basal notions and simple properties for ordi- 
nary real functions to sp-functions. The sp-functions treated 
are supposed to be such that the values F(a) are comparable, 

that is, for any pair of values a, a2 of a, F(a;) is either a 

subset or a superset of F(a2). F(a) is upper-semi-continuous 

at a if, for every sequence a, with a as limit, we have 

lim F(a,)€ F(a), the left side meaning upper closed limit. 

If A is a subset of a metric space E and p a positive number, 

u(A, p), @(A, p) respectively denote the set of points x such 

that xA <p, xA=p. If, for every subset A of E and every 

positive p, we have u(A, p)=a(A, p), E is said to be a 

Q-space. If a subset S of E is a Q-space when it is itself 

regarded as the total space, S is called a Q-set. 

To secure results for the questions indicated above, the 
author considers various conditions on the range of the 
values F. § is required to consist of the subsets of a sep- 
arable, metric space. Additionally, § may be restricted by 
means of the following properties: (A) (a) all the F of § 
are closed Q-sets (+0); (b) every component of § contains 
at least one point of F’, where F’ also belongs to §; (B) 
(a) all the F of § are closed, ~0, and locally connected; 
(b) as in (A); (C) as in (B) except that the F, instead of 
being locally connected, are compact in themselves. The 
principal result of the first half of the paper is: If § satisfies 
one of the conditions (A), (B) or (C), there exists a mono- 
tone-increasing, continuous sp-function, defined on the real 
interval (0, 1) and taking on as values all the F of §. The 
second half of the paper is concerned with the question of 
the representation of semi-continuous sp-functions as limits 
of sequences of continuous sp-functions, with an extension 
of the Hahn-Tietze Einschiebungssatz to sp-functions, and 
also with the extension of the domain of an sp-function 
under preservation of certain continuity properties. Con- 
verse questions are investigated by means of negative 
examples. H. Blumberg (Columbus, Ohio). 


Ditkin, V. On the structure of ideals in certain normed 
rings. Uchenye Zapiski Moskov. Gos. Univ. Matema- 
tika 30, 83-130 (1939). (Russian. English summary) 
[MF 2106] 

The author considers various function sets K, which he 
calls normed rings in case they are (i) rings in algebraic 
sense, (ii) linear normed complete spaces with respect to 
addition, (iii) ||f-g\|=|\f\| \lg\|. Such are: The set C of con- 
tinuous functions on a closed interval, with the usual defi- 
nition of addition, subtraction, multiplication and the norm; 
the set B of continuous almost periodic functions, where 


=sup. |f(x)| and 

1 T 

lim — —t)g(t)dt; 
lim — J 

the set L(0, 27), where 

0 
the set L(— «©, ) and various other function spaces. If 
feK then the principal ideal (f) generated by f is the closure 


of the set of functions of the form Sa:gsf, where a: are 
arbitrary real or complex numbers, ge arbitrary elements 


of K. A general ideal is the closed subset which is an ideal 
in the algebraic sense. As typical results we quote the 
following two theorems. Every ideal J in the ring C isa 
principal ideal generated by any function a(x)eC, the set of 
zeros of which is the product of the sets of zeros of all 
elements of J. Every ideal J in the ring L(0, 27) is a prin- 
cipal ideal generated by any function of the ring for which 
S*f()e-™‘dt =0 whenever the corresponding Fourier coeffi- 
cients of all elements of J vanish, and f o?*f(t)e—™‘dt~0 for 
all other m. The author considers further the operation 
U,f=f(t+.) and denotes by J(H) the closure of the set of 
functions }a:U,,fi, fieH. In this connection we quote the 
following result: Let for a certain subset H of the ring 
L(— ©, there exist lim... F{ U,f}, feH, where F is a 
linear functional in L. Let E (F in author’s notation) be the 
set of all real numbers x for which f%,,h(t)e-#‘dt=0 for all 
heH. Then, if E does not contain a complete everywhere 
discontinuous nucleus, lim)... F{ Ujg} exists for every g, the 
Fourier transform of which vanishes on £. In the case when 
E reduces to a single point at infinity this gives a theorem 
of Wiener [The Fourier Integral, Cambridge, 1933, the- 
orem 6, p. 75]. Among the other results we finally mention 
the following theorem. Let 
<< ©, o,= and let be known that the 
function 

eine 


(—in)? 


is linear in A=[a, 5]. Then the function 


o(x) 


ikz 


will be linear in all intervals contiguous to the set A-F,, 

where F, is the set of zeros of a(x). J. D. Tamarkin. 


Monteiro, Anténio. Sur ladditivité dans un anneau. Por- 

tugaliae Math. 1, 289-292 (1940). [MF 2226] 

Two elements of a ring are said to be additive if for each 
integer m the sum of their mth powers is the mth power of 
their sum. In a Banach space the resolvent of an element A 
is the series in powers of a complex variable with mth coeffi- 
cient the (+1)th power A. It is stated that the resolvent 
of the sum of two elements is the sum of the resolvents if 
and only if the elements are additive. The proofs are omitted 
as analogous to those of a previous communication [C. R. 
Acad. Sci. Paris 198, 1737-1739 (1934) ]. 

J. F. Randolph (Ithaca, N. Y.). 


Bochner, S. Finitely additive integral. Ann. of Math. (2) 

41, 495-504 (1940). [MF 2550] 

It is shown that a partially ordered linear vector space 
on which is defined an additive functional with the proper- 
ties of an integral can be realized by measurable functions 
on a Boolean algebra with a Jordan content. The vector 
space is assumed to possess a unit element having the prop- 
erties of a function identically one and such that every 
element is bounded from above and below by a multiple of 
the unit. This is an analogue in the finitely additive case of 
a result of H. Freudenthal [Nederl. Akad. Wetensch., Proc. 
36, 641-651 (1936) ]. N. Dunford (New Haven, Conn.). 


Fan, Ky. Sur une représentation des fonctions abstraites 
continues. C. R. Acad. Sci. Paris 210, 429-431 (1940). 
[MF 1920] 

By an abstract function is meant any point transforma- 
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tion X = f(x) of a point x of an abstract space into a point X 
of another abstract space. In order to obtain a generaliza- 
tion of the theorem of Weierstrass on the representation of 
a continuous function as a limit of polynomials, Fréchet 
introduced the notion of abstract functions of integral order, 
a direct generalization of polynomials, and considered a 
category of spaces called the category T. He showed that 
every function X = F(x), for which x and X range over two 
spaces of T, can be represented as a triple limit of functions 
of integral orders, and raised the question of the possibility 
of replacing the triple limit by a simple limit and enunciating 
precise conditions for uniform convergence. The author's 
object is to give a solution of Fréchet’s question by replacing 
T by a more restricted category T’. The category T” is 
obtained (a) by replacing Fréchet’s condition (3°) by the 
condition (3° bis) whereby the coérdinates of a point x are 
continuous additive functionals of that point, and (b) by 
the addition of a new condition (5°) whereby the distances 
(0,x™), (0,x) satisfy the inequality (0, x«“)=(0, x) for 
every n, where + - - +Xn€,” and e,* are the 
fixed points considered in the Fréchet condition (4°). The 
author obtains the theorem : If Z,, EZ, are two spaces of the 
category T’ and C is a closed compact set of points of E,, 
then every function X =f(x) which transforms each point 
x of C into a point X of E, and which is continuous on C 
can be represented on C in the form X =lim,.. P,(x), where 
P,(x) are defined throughout the space EZ, and are of inte- 
gral orders. The convergence is uniform in C. The author 
remarks that the category 7’, though apparently complex, 
comprises besides Euclidean space many of the important 
function spaces, for example, (C) of continuous functions, 
(2) Hilbert space, (2) of functions summable L?’, etc. 
H. E. Bray (Houston, Tex.). 


Kunisawa, Kiyonori. Some theorems on abstractly-valued 
functions in an abstract space. Proc. Imp. Acad. Tokyo 
16, 68-72 (1940). [MF 2216] 

Let L9(X), 1S=p<, be the class of functions f(t) de- 
fined on [0, 1] to a Banach space X which are measurable 
Bochner and have fo'||f(#)||"dt< ©. Among the results due 
to Bochner and Taylor [Ann. of Math. (2) 39, 913-944 
(1938) ] are these: if X is reflexive then (1) in L'(X) an 
equi-integrable sequence {f,} must contain a subsequence 
converging weakly to an element in L'(X), (2) L?(X) is re- 
flexive for p>1, and (3) L'(X) is weakly complete. The 
present author extends these by replacing “reflexive” with 
“locally weakly compact.” (Equi-integrability is to be 
understood to mean that the real integrals JSo'||f,(¢)||d¢ are 
equi-absolutely continuous.) A proof of the following 
theorem (stated by the reviewer in an abstract [Bull. Amer. 
Math. Soc. 45 (1939) ] is also included : (4) a B-space-valued 
function of abstract sets that is weakly completely additive 
and weakly absolutely continuous is strongly absolutely 
continuous. The demonstrations of (1), (2) and (3) depend 
on (4), differentiation in B-spaces and results due to 
Bochner and Taylor. The proofs are somewhat elliptical. 
In that of (4) the reviewer is unable to follow the author in 
assuming the sets E, to be disjoint. B. J. Pettis. 


Adams, C. Raymond and Morse, Anthony P. Continuous 
additive functionals on the space (BV) and certain sub- 
spaces. Trans. Amer. Math. Soc. 48, 82-100 (1940). 
[MF 2507] 

This paper is a continuation of previous studies by these 

authors [Trans. Amer. Math. Soc. 40, 421-438 (1936) ; 42, 
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194-205 (1937) ] concerning the space (BV) of functions of 
bounded variation x(¢) in the interval 0=f=1. Two metrics 
are considered, one involving the total variation and the 
other the length: 


f x()—y() |, 


2) f |dt+|L(x) |; 


L(x) denotes the Peano length of the graph of x(#). The 
problem which the authors consider is that of determining 
the general additive continuous real functional on these 
spaces and their subsets (CBV) of continuous functions and 
(AC) of absolutely continuous functions. The problem is 
made more difficult by the fact that these spaces are not of 
Banach type. Thus, an additive continuous functional is not 
in general uniformly continuous; a sphere may be trans- 
lated into a set of the first category; the addition group is 
discontinuous. 

Space does not permit a detailed account of the various 
means which the authors devise to overcome these difficul- 
ties. The rather surprisingly simple results are that the 
most general additive continuous functional on (BV), or 
(CBV), or (AC), with metric (1), is of the form fx(é)dg(é), 
where g is respectively continuous, Riemann integrable and 
continuous except for a denumerable set of points, or simply 
Riemann integrable. A simple and computable value of the 
Lipschitz modulus of the functional at the zero element is 
derived. It is shown that with respect to the weak topology 
introduced in (BV) by such functionals, the space is 
complete. 

When metric (2) is considered, the form of the most 
general continuous additive functional on (BV) and (CBV) 
is the same as above. In the case of space (AC) a slightly 
different form becomes necessary. The uniformly continuous 
functional is also determined in this case, following methods 
previously employed by Adams for metric (1). 

J. A. Clarkson (Philadelphia, Pa.). 


Krein, M. Sur les opérations linéaires transfoimant un 
certain ensemble conique enlui-méme. C.R. (Doklady) 
Acad. Sci. URSS (N.S.) 23, 749-752 (1939). [MF 1955] 
The author assumes that in a linear normed space E there 

exists a subset K having properties similar to positive valued 
functions, that is, (1) if xeK and \>0, then AxeK, (2) if 
xeK, yeK, then x+yeK, (3) if xeK, then —x is not in K, 
(4) K is an open set. K* consists of the linear functionals 
f on E which have the property f(x)>0 for x of K. It 
satisfies (1), (2) and (3). The principal result concerns linear 
transformations A on E to E which transform K into K, 
namely, that there exists a characteristic constant A» and 
function fy of K* for A*, that is, A*fy= of. has a solution 
for some A»,>0, and f, of K*. This differs from a corre- 
sponding theorem by Rutmann [C. R. (Doklady) Acad. Sci. 
URSS (N.S.) 18, 625-627 (1938) ] on completely continuous 
transformations of the same type in that it is not possible 
to make a similar assertion for A. A more general theorem 
is stated asserting a common characteristic function for 
adjoints of a system of commutative linear transformations 
of the same type, which produces as a corollary that, if the 
transformations have a common invariant vector, then the 
adjoints have the same property. T. H. Hildebrandt. 
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Grosberg, J. et Krein, M. Sur la décomposition des fonc- 
tionnelles en composantes positives. C. R. (Doklady) 
Acad. Sci. URSS (N.S.) 25, 723-726 (1939). [MF 2125] 
A subset K of a linear normed vector space E satisfying 

the conditions (1), (2), (3) of the preceding review induces 

in E a semi-order by the condition x<y if y—<x is of K and 
yx. In turn one has a semi-order in the adjoint space, via 
the condition that g<f means g¥f and g(x)=f(x) for 
x>0O. A decomposition of a linear functional f=g—h is 
said to be canonical if the functionals g and h are posi- 
tive or zero and there exists a constant C=1 such that 
lg!|+||4|| SC\lf\|. The principal theorem of the note is that 

a necessary and sufficient condition that every linear con- 

tinuous functional on E possesses a canonical decomposition 

is that the set K satisfy the condition C: if x<y<z and 
1, and then ||x||=C. By using a theorem of 

Krein, the same condition is shown to be necessary and 

sufficient that there exist an isomorphic similitude with a 

subset of the space of continuous functions on (0, 1). 

T. H. Hildebrandt (Ann Arbor, Mich.). 


Dunford, Nelson and Pettis, B. J. Linear operations on 
summable functions. Trans. Amer. Math. Soc. 47, 323- 
392 (1940). [MF 2158] 

A detailed exposition of the results announced in Proc. 

Nat. Acad. Sci. U. S. A. 25, 544—550 (1939) ; for an abstract, 

see these Rev. 1, 57-58. T. H. Hildebrandt. 


Plessner, A. Uber halbunitire Operatoren. C. R. (Do- 
klady) Acad. Sci. URSS (N.S.) 25, 710-712 (1939). 
[MF 2122] 

This paper is a continuation of two previous ones of the 
same author [same journal 22 (1939) and 23 (1939)], and 
an application of their results. (Those papers deal with a 
modified spectral theory and a restricted notion of functions 
for maximal (but not necessarily self-adjoint) operators.) 
Semiunitary operators (that is, operators U with U*U=1, 
but not necessarily UU*=1) are studied, in (separable or 
inseparable) Hilbert spaces. The spectral theory of such 
operators (in the above mentioned sense), and the functional 
form of those which are known to be functions of maximal 
operators, are discussed. For semiunitary semi-groups (that 
is, U, defined and semiunitary for all and U,.U,, 
together with certain regularity requirements) an analogue 
of M. H. Stone’s theorem on unitary groups is obtained. 

J. von Neumann (Princeton, N. J.). 


Nakano, Hidegor6. Hypermaximalitét normaler Opera- 
toren. Proc. Phys.-Math. Soc. Japan (3) 22, 259-264 
(1940). [MF 2244] 

In an earlier work [Proc. Phys.-Math. Soc. Japan (3) 21, 
315-339 (1939) ], the author has given a development of the 
spectral theory of symmetric and normal operators in Hil- 
bert space. The notions normal operator, hypermaximal 
normal operator, were in that work introduced in a novel 
fashion, the procedure differing from that employed by 
v. Neumann [ Math. Ann. 102, 370-427 (1929) ]. It is estab- 
lished in the present note that the normal operators of 
v. Neumann are identical with the author’s hypermaximal 
normal operators. E. R. Lorch (New York, N. Y.). 


Stone,M.H. A general theory of spectra. I. Proc. Nat. 
Acad. Sci. U. S. A. 26, 280-283 (1940). [MF 1806] 
This note sketches an essential further step to a thorough 

“algebraization” of the spectral theory in a commutative 

system of operators. The author considers a system R of 


elements a, ---, x, ---, which contains a special subsystem 
of so-called “positive” elements. Besides the customary 
postulates about the nature of R as a commutative, associa- 
tive ring with a unit e and about the operations with positive 
elements, he requires the following relationships among the 
elements of R and the natural numbers m: (1) For each n 
the equation nx=e has a solution in R. (2) For each given a 
there exists a natural number m such that ne-+-<a is a positive 
element. (3) If e+-na is a positive element for every natural 
number n, then a is a positive element. With these proper- 
ties, to each element a of R there can be assigned a real 
positive number ||a|| as its norm. Furthermore, it is possible 
to adjoin new elements to R such that the enlarged system 
enjoys the same properties and, moreover, is a complete 
metric space with ||a—b|| as distance from a to b. Now the 
author states this important result: This system R is alge- 
braically isomorphic to the ring of all continuous real func- 
tions on a certain bicompact Hausdorff space S(R), the 
positive elements of R corresponding to the nonnegative 
functions; S(R) is uniquely determined up to topological 
equivalences. After some indications about the proof of this 
theorem, and about some generalizations, the author out- 
lines some illustrations and applications of his general con- 
cepts; we shall mention only the spectral analysis of any 
number of mutually permutable bounded self-adjoint oper- 
ators. Finally, he makes references to the theory of Boolean 
algebras, and points out that the general theory of such 
algebras is a special instance of his present theory. 
E. Hellinger (Evanston, IIl.). 


Halperin, Israel. A remark on a preceding paper by J. von 
Neumann. Ann. of Math. (2) 41, 554-555 (1940). 
[MF 2553] 

The paper referred to in the title is “Rings of operators. 
III” [Ann. of Math. (2) 41, 94-161 (1940); cf. these Rev. 
1, 146]. The present note gives a simpler discussion of the 
process of completing the set of operators of finite rank into 
the set of finite norm. F. J. Murray. 


Gelfand, I. On one-parametrical groups of operators in a 
normed space. C.R. (Doklady) Acad. Sci. URSS (N:S.) 
25, 713-718 (1939). [MF 2123] 

Let E be a linear normed space, ¢ a real variable and U; 

a family of bounded linear operators which is weakly con- 

tinuous in ¢ and satisfies U;,,= U;-U,, Us=1, and | U;| 31. 

The author shows that there is an operator A defined on 

an everywhere dense set in E such that U;=exp [4A ], thus 

generalizing a theorem of Stone for unitary transformations 

in Hilbert-space [Amer. Math. Soc. Coll. Publ., vol. 15, 

p. 307]. The operator A is defined by the equation 

Unx—x 

(1) Ax=lim ’ 

ho 

the limit being taken in the strong sense; and it is shown 

that A is closed and its domain is everywhere dense in E. 

Moreover on this domain 


d 
AUw=U,Ax=—U x. 
dt 


It is also shown that the spectrum of A lies on the imaginary 
axis, and that it is impossible to extend the domain of A 
without the set of its spectral points becoming the whole 
plane. Now let D, be the set of values of x for which Ax, 
A*x, A*x, «++ are simultaneously defined and for which 
|A"x|h"/n!-0 as n—, It is shown that for any h, D, is 
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everywhere dense in E and 

—A*x, 

n=0 n! 
the series being strongly convergent throughout D,. Finally, 
it is shown that the weak measurability of U; in ¢ implies 
its strong continuity in ¢; also that the existence of the 
limit in (1) in the weak sense implies its existence in the 
strong sense. R. H. Cameron (Cambridge, Mass.). 


Alaoglu, L. and Birkhoff, G. General ergodic theorems. 

Ann. of Math. (2) 41, 293-309 (1940). [MF 1812] 

A more complete description of results announced earlier 
by the authors [Proc. Nat. Acad. Sci. U. S. A. 25, 628-630 
(1939); these Rev. 1, 148]. In the general ergodic theorem 
of G. Birkhoff the assumption that the underlying space be 
Euclidean is weakened to assuming that it be uniformly 
convex and that the circle of intersection of the unit sphere 
with every plane is a smooth curve. This condition is satisfied 
by L,, lp, p>1. The Riesz-Yosida method of proof is 
applied to arbitrary B-spaces in case the group or semi-group 
G of operators possesses a sequence of measures p, satisfying 
(i) #a(G)=1 for all m, and (ii) lim, 
+| un(TaV)—pa(V)|}=0. This, together with weak com- 
pactness assumptions, gives convergence of means of the 
form U,x=f¢Taxdu,. There are many misprints and mis- 
statements ; for example, the fourth property for generalized 
convergence [p. 295] is not true without an assumption 
ruling out the case of an element without a successor ; also 
the proof of Lemma 1 [p. 296] requires an Abelian group. 

N. Dunford (New Haven, Conn.). 


Cohen, L. W. On the mean ergodic theorem. Ann. of 
Math. (2) 41, 505-509 (1940). [MF 2551] 
The principal result of the paper is the following ergodic 
theorem. If T is a linear transformation on a Banach space 
B to B such that ||7*|| SA, a,,; is a regular matrix such that 


lim |@n,i41—@n,;| =0 
k j=k 
uniformly in m and 
L, (x)= > an, 
i=1 


is a weakly compact set, then there is an xoeB such that 
Txy=xo and lim, L,x=x». This generalizes a theorem of 
Yosida [Proc. Imp. Acad. Tokyo 14, 292-294 (1938) ]. 

G. A. Hedlund (Charlottesville, Va.). 


Maker, Philip T. The ergodic theorem for a sequence of 
functions. Duke Math. J. 6, 27-30 (1940). [MF 1539] 
Let 2=[P] be a space with measure m and m(Q2)<~, 

and let 7= 7‘P be a measure-preserving transformation in Q. 

Suppose the complex functions fna(P), m,2=1, 2, ---, and 

¢(P) are summable, | faa(P)| <¢(P), and lim fnn(P) =fo(P) 

ae. in 2 as m,n—+. Using G. D. Birkhoff’s ergodic the- 
orem and Egoroff’s theorem for double sequences the author 
establishes this result: for any two sequences {m,;} and 

{naz} having mi; = it is true that 


fim fauna TP) Him folTP) 


except for a set of measure zero that is independent of 
{ms} and {n4;} ; moreover, 
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a.e. Applying (1) the author obtains the following analogue 
for a flow in Q, that is, for a semi-group T,P (—  <it< @) 
of measure-preserving transformations in @ having the 
property that, when A in @ is measurable, those points (P, #) 
in 2Xr for which T,PeA holds form a measurable set in 
QXr, being the reals. Let f\(P), be complex- 
valued, continuous in A, and summable in P, and suppose 
| <@(P), ¢ also summable. For O=t=T=S = let X(T, t) 
be defined to (a, b) and continuous. Then 


T T 
lim T-! f f P)dt 
0 0 
finitely a.e. in 2, where =lim X(T, 4) as T, @. 
B. J. Pettis (Cambridge, Mass.). 


Hilmy, Heinrich. Sur la récurrence ergodique dans les. 

systémes dynamiques. Rec. Math. [Mat. Sbornik] N:S. 

7 (49), 101-109 (1940). (French. Russian summary) 

[MF 2281] 

Let M be a separable metric space in which a measure of 
Lebesgue type is defined such that meas. M is finite. Let 
T.(— © <t<+ ©) be a one parameter, measure preserving 
group of homeomorphisms of M into itself such that Tp, 
p ¢ M, iscontinuousin the product space M[— © <t<+@ ]. 
A trajectory is recurrent “in probability” if the mean time 
of sojourn (as it is usually defined in ergodic theory) of the 
trajectory in any open set containing a point of the trajec- 
tory is positive. With the aid of the ergodic theorem of 
Birkhoff, the author shows that almost all points of M are 
on trajectories which are recurrent “in probability.” This. 
result has been recently proved by Hartman and Wintner 
[Amer. J. Math. 61, 977-984 (1939); these Rev. 1, 59]. 
By showing the existence of invariant manifolds of finite 
measure in the phase space of the restricted problem of 
three bodies the author is-enabled to apply the theorem to. 
this system. G. A. Hedlund (Charlottesville, Va.). 


Hartman, Philip and Wintner, Aurel. Statistical inde- 
pendence and statistical equilibrium. Amer. J. Math. 
62, 646-654 (1940). [MF 2461] 

Let @ be a closed bounded energy surface (h=const.) in 
the phase space of a conservative dynamical system with a 
finite number of degrees of freedom and a Hamiltonian 
function possessing everywhere continuous partial deriva- 
tives of the second order. The differential equations of the 
system define a flow P—P;, — © <i<+ ©, in Q such that, 
for each t, P—+P, is a topological transformation of Q into 
itself and P, is continuous in the product space of 2 and the 
t-axis. The Euclidean Lebesgue measure of the phase space 
defines an invariant measure in Q@ and it can be assumed 
that u(Q2)=1. The asymptotic distribution function ¢p(Z) 
of a path P, is an absolutely additive set function defined 
for all Borel subsets E of Q and such that if E is any con- 
tinuity set of ¢p(EZ) then the probability that P, is in EZ is. 
¢p(E). The topology, measure and flow in the product 
space 2X2 (unsymmetric, that is, (P,Q) and (Q, P) are 
not identified) are defined in the usual manner. Two solu- 
tion paths P;, Q; on Q are statistically independent if the 
three asymptotic distribution functions ¢pg, op, oq exist 
and satisfy ¢p9(EXF)=¢p(E)¢e(F) for all Borel sets. 
EXF, E, F of 2XQ, Q, 2, which are continuity sets of po, 
dp, oq, respectively. The flow in Q tends to statistical equi- 
librium on the age if 


f [nee F)- di=0 


. 
: ¢ 
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for any pair E, F of Borel sets of Q. It is shown that almost 
all pairs of paths are statistically independent if and only if 
the flow tends to statistical equilibrium on the average. 
[For related results in the case of the symmetric product 
space, cf. E. Hopf, Proc. Nat. Acad. Sci. U. S. A. 18, 333- 
340 (1932).] If statistical independence of m paths (n>2) 
is defined analogously to the case m = 2 by use of the product 
space 2X2X--- XQ with m factors, the same proof gener- 
alizes to show that almost all n-uples of paths are statis- 
tically independent if and only if the flow in tends to 
statistical equilibrium on the average. OG. A. Hedlund. 


Theory of Probability 


Weil, André. Calcul des probabilités, méthode axioma- 
tique, intégration. Revue Sci. (Rev. Rose Illus.) 78, 
201-208 (1940). [MF 2450] 

This is a general sketch on probability considered as 
measure, intended for non-specialists. W. Feller. 


Kanellos, S. Etude des répétitions dans une suite infinie 
de tirages. Loi des répétitions. Bull. Soc. Math. Gréce 
20, 79-84 (1940). [MF 2631] 

Elementary considerations on the probability for repe- 
titions of random events with constant probability (Ber- 

nouilli’s scheme). W. Feller (Providence, R. I.). 


Jordan, Charles. Problémes de la probabilité des épreuves 
répétées dans le cas général. Bull. Soc. Math. France 
67, 223-242 (1939). [MF 2588] 

The author considers a system of m trials which have 
arbitrary probabilities and which may be dependent or inde- 
pendent. He obtains the probability that exactly x of the 
trials will be favorable, the probability that at least x of 
the trials will be favorable, and the probability that the first 
favorable trial will be the xth trial. The first probability 
considered as a function of x is a distribution function. The 
binomial moments of this distribution and the generating 
function for these moments are aids in simplifying compu- 
tation of the desired probabilities. Approximations for these 
probabilities are obtained by replacing the above distri- 
bution function by a Poisson distribution or a Laplace 
distribution. The author applies his methods to a problem 
of drawing balls from an urn and to a generalization of the 
game of rencontre. A. H. Copeland (Ann Arbor, Mich.). 


Dieulefait, C. E. Sui momenti delle distribuzioni iper- 
geometriche. Giorn. Ist. Ital. Attuari 10, 221-224 (1939). 
[MF 1890] 

From an urn containing np white balls and nq black balls 
(p+q=1), r balls are drawn in succession, each ball drawn 
being replaced by 1+A balls of the same colour. The proba- 
bility P, of drawing v black balls in r drawings has been 
calculated by Pélya [Ann. Inst. H. Poincaré 1, 117-161 
(1931) ]. The corresponding characteristic function is, ac- 
cording to Pélya, 


I'(n/A) 
P(qn/4)-T(pn/A) 
x f — — +-ue*)"du. 


(1) 


In this note the author obtains in a new way the moments 
(about rq) of the hypergeometric distribution and of the 


Bernouilli distribution. He first gives a formula for the . 


moments of the Pélya distribution, obtained in the usual 
way by repeated differentiations of the corresponding char. 
acteristic function =e~**‘ y(t), and subsequently putting 
t=0. He then derives corresponding formulas for the mo- 
ments of the above mentioned distributions by putting 
A=-—1 and A=0, respectively, in the formula for the mo- 
ments of Pélya’s distribution. It may be remarked that this 
procedure is open to serious objections, as formula (1), 
which is the starting point of the author’s considerations, 
and which he differentiates s times, has no meaning when 
A=0. A. Gonzdélez Dominguez (Buenos Aires). 


Ottaviani, G. Sulla probabilita che una prova su due 

variabili casuali X e Y verifichi la disuguaglianza X < Y 

e sul corrispondente scarto quadratico medio. Giorn. Ist. 

Ital. Attuari 10, 185-192 (1939). [MF 1887] 

Des considérations de statistique ont amené I’auteur 4 
envisager le probléme suivant, sur lequel il désire attirer 
l’attention: soient des variables aléatoires X, Y, Z, --- 
obéissant a des lois de répartitions connues et sur lesquelles 
on fait respectivement , 11, m2, --- épreuves, qui, associées, 
forment au total mXn,Xn2X --~- épreuves; soit A le nombre 
des épreuves qui réalisent un systéme déterminé d’inégalités, 
par exemple X < Y<Z<---, il s’agit d’étudier la variable 
aléatoire A/n Xn, soit essentiellement calculer sa 
valeur moyenne et son écart quadratique moyen. A titre 
d’exemple, |’auteur traite le cas de deux variables X et Y 
indépendantes, dans I’hypothése od les n épreuves sur X, 
et aussi les m, épreuves sur Y, sont indépendantes entre 
elles, ou liées d’une fagon assez simple. R. Fortet. 


Geppert, Maria-Pia. Uber eine Klasse von zweidimen- 
sionalen Verteilungen. Z. Angew. Math. Mech. 20, 45- 
49 (1940). [MF 2374] 

For the content of this paper cf. the author’s previous 
paper [Giorn. Ist. Ital. Attuari 10, 225-228 (1939); these 

Rev. 1, 246]. 


Kawata, Tatsuo. On the strong law of large numbers. 
Proc. Imp. Acad. Tokyo 16, 109-112 (1940). [MF 2224] 
Let {X,} be a sequence of mutually independent random 

variables with vanishing expectations, and put s,=Xi+-:-: 

+X,. The author gives a simple proof of the following 
theorem: Let P{|s,|<en}>1—4,(€), and suppose that 

as and for every «>0. Then 

the strong law of large numbers holds for {X,}. As an easy 

consequence (using only Tschebycheff’s inequality), the 
author obtains Kolmogoroff’s sufficient condition that the 
strong law of large numbers holds for {X,} if °b,/n?<, 

where b, = E(X,’). W. Feller (Providence, R. I.). 


Bernstein, S. N. Some remarks concerning the limit the- 
orem of Liapunov. Doklady Akad. Nauk SSSR (NS) 
24, 3-7 (1939). (Russian) [MF 1966] 

Let S,=xi1+-+++x, be the sum of independent chance 
variables, each having expectation 0. Let B, be the expec- 
tation of S,?, and let C;,=Expectation |x;|?. It is shown 
that, if p> 2, the hypothesis ,—0 implies that 
the distribution of S,/B,! approaches the Gaussian dis- 
tribution, and that the moment of order p of |S,/B,'| 
approaches the corresponding Gaussian moment. The con- 
dition is necessary if it is supposed that the x; are uni- 
formly small in comparison with S, (that is, Prob. {S,< 3} 
—Prob. {S,—x< (any z) uniformly in i=n, asn—~). 


‘ 
I 
i 
‘ 


MATHEMATICAL REVIEWS 


Similar results are obtained for =2, using moments cal- 
culated after the chance variables x; have been cut off, as 
usual, to make them bounded. J. L. Doob. 


Madow, William G. Limiting distributions of quadratic 
and bilinear forms. Ann. Math. Statistics 11, 125-146 
(1940). [MF 2335] 

From a general form of the Laplace-Liapunoff theorem, 
based on the Lindeberg condition, four corollaries are de- 
rived concerning the joint limiting distributions for systems 
of linear forms. The linear forms considered are such that 
the maximum of the absolute values of their coefficients 
converges to zero, or converges in probability to zero if the 
coefficients are random variables, with an increase in the 
size of the sample. These results are used for deriving 
theorems about the limiting distributions of quadratic and 
bilinear forms. It is assumed that the greatest of the abso- 
lute values of the elements of the matrices of the quadratic 
and bilinear forms converge to zero with increasing size of 
the sample, while the ranks of the forms remain unchanged. 
It is shown that under this assumption and some further 
conditions, quadratic and bilinear forms have x?, or co- 
variance, or Wishart’s distribution as limiting distributions. 
The case where the coefficients of the forms are themselves 
random variables is also considered. In section 4 of the 
paper applications of the theory are made to the derivation 
of the limiting distributions of the regression coefficient, of 
the analysis of variance ratio, and of some important statis- 
tics occurring in periodogram and multivariate analysis. 

A. Wald (New York, N. Y.). 


Gnedenko, B. To the theory of limiting theorems for sums 
of independent random variables. Bull. Acad. Sci. URSS. 
Sér. Math. [Izvestia Akad. Nauk SSSR] 1939, 181-232 
(1939). (Russian. English summary) [MF 1149] 
Consider a sequence of finite sequences 


Xn2, ***s 


of random variables. The variables in each row are inde- 
pendent and they are assumed to be “negligible in the 
limit” ; that is, 

lim P { |xnx,| >«} =0, for every «>0. 

nD 
The paper establishes necessary and sufficient conditions 
for the convergence of the distribution functions of sums 
S,= >o'=1%nr to a limit law. The methods used are based on 
P. Lévy’s formula for the logarithm of the characteristic 
function of an infinitely divisible law. The following theorem 
may serve to indicate the character of the author’s results. 
In order that the distribution functions of S, converge to a 
limit law it is necessary and sufficient that the distribution 
functions ®,(x) whose characteristic functions ¢,(¢) are de- 
fined by the formula 


ke 
log {tam + f 


converge to a distribution function (x); (x) is then the 
limit law of S,. F,,(x) denotes the distribution function of 
and far(t)=pne(t) exp (j@ne(t)| Sx, =0) 
its characteristic function. This theorem is restated in sev- 
eral equivalent forms more eligible for application. The 
conditions of Feller [Math. Z. 40, 521-559 (1935), and 42, 
301-312 (1937)] in case the limit law is the normal distri- 
bution, and of Marcinkiewicz [Fund. Math. 30, 349-364 
(1938) ] in the case of Poisson’s law are obtained as conse- 
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quences of the general theorems. Finally theorems concern- 
ing convergence to the normal distribution are given. The 
proofs in several cases are based on an incorrect lemma [see 
next review] which causes the necessity of restating the 
theorems and altering the proofs. M. Kac. 


Gnedenko, B. V. On the theory of limit theorems for sums 
of independent random variables. Bull. Acad. Sci. URSS. 
Sér. Math. [Izvestia Akad. Nauk SSSR] 1939, 643-647 
(1939). (Russian) [MF 2101] 

Attention is being called to the fact that Lemma 5 of the 
paper reviewed above is wrong. Three theorems whose 
proof depended on this lemma are now formulated and 
proved differently. The first of those theorems reads as 
follows: In order that for a suitably chosen sequence of 
constants {A,} the distribution function of S,—A, con- 
verge to the normal distribution it is necessary and suffi- 
cient that for every «>0 


kn 
(1) lim > dF (x+anz) =0, 
Izl>e« 
Kn 
(2) lim Df =1, 
where 
Onk = f xd F x(x). 


The notations are those of the previous paper. The two 

other theorems are formulated in terms of so-called “‘rela- 

tively stable” sequences of independent random variables. 
M. Kac (Ithaca, N. Y.). 


Gnedenko, B. To the theory of the domains of attraction 
of stable laws. Uchenye Zapiski Muskov. Gos. Univ. 
Maternatika 30, 61-81 (1939). (Russian. English 
summary) [MF 2105] 

One says that the distribution function F(x) belongs to 
the “‘domain of attraction”’ of the distribution function (x) 
if one can choose two sequences of constants {A,} and 
{B,} in such a way that the distribution functions of the 


sums 
+X, 
B, 

where X, are independent random variables having 
F(x) as their common distribution function, approach (x) 
as n— ©. It is known that (x) must be infinitely divisible 
and therefore, denoting by ¢(#) its characteristic function, 
one has according to P. Lévy 


a*t? 
log f (e—1)dM(u) 
+ f + f (ei —1 —iut)d M(u) 


+f 


where a, + and (7) are constants, M(u) and N(u) non- 

decreasing functions defined respectively in (— ©, —0) and 

(+0, + ©) and having the property that for every «>0 
u*dN(u)< 


+0 
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The investigations which form the purpose of the present 
paper are based on the following particular case of the more 
general theorem of the preceding two reviews proved by 
the author. In order that a sequence of integers k, (k,— ©) 
exists such that the distribution function of S:, tends to 
(x) it is necessary and sufficient that (1) k, F(B,x)—M(x) 
for x<0, k,F(B,x)—+N(x) for x>0 in every point of con- 
tinuity of M(x) and N(x); 


(2) lim lim f =a’; 


Izi<e 


(3) for a certain r such that r and —7r are respectively con- 
tinuity points of N(x) and M(x), 


A,—ks f xd F(B,x)—~(r). 


If &(x) is not only infinitely divisible but also stable there 
is an a(0<a<2) such that one can put M(x) =c:/|x|* and 
N(x) = —¢2/|x| (c,x=0, c2=—0, 0) and a=0. As a 
consequence of the general theorem (just stated) the follow- 
ing result is derived. In order that F(x) belongs to the 
domain of attraction of the stable law ¢(x) it is necessary 
and sufficient that 


F(-x) a 
(1D 


lim =—, 
1—F(x) Ce 
and that for every k>0 


F(—x) _ F(x) 


provided c,; 0, c20. 

If c,;=0 or cz=0 the conditions (2*) or (2°), respectively, 
should be omitted. This result was independently proved by 
Doeblin [C. R. Acad. Sci. Paris 206, 718-720 (1938) ]. The 
cases when #(x) is either the Gaussian or the unit distribu- 
tion are included as particular ones. The author studies also 
the so-called “‘normal domains of attraction,”’ which differ 
from the “domains of attraction” only by putting an addi- 
tional requirement that B,=an'/« (a>0). M. Kae. 


Gnedenko, B. On the domains of attraction of stable laws. 
C. R. (Doklady) Acad. Sci. URSS (N.S.) 24, 640-642 
(1939). [MF 2052] 

A summary (without proofs) of the main results of the 

paper reviewed above. There is a misprint in formula (3). 

Instead of x,-k, it should be x:,. M. Kae. 


Gnedenko, B. V. and Groshev, A. V. On the convergence 
of distribution laws of normalized sums of independent 
random variables. Rec. Math. [Mat. Sbornik] NS. 


6 (48), 521-541 (1939). (Russian. English summary) 
[MF 1951] 
Let x1, %2,--- be a sequence of independent random 


variables whose distribution functions are, respectively, 

F(x), F2(x), ---. The authors give several necessary and 

sufficient conditions that two sequences of constants {A,} 

and {B,} (B,>0) exist so that the distribution function of 


B, 
tends to a limiting law. The authors assume that x;,/B, 


(1=k=n) are “constant in the limit,” that is, there exist ° 


constants b,, such that 


sup P| 
isksn 


as n—+o for every «>0. Let ¥(x) denote the convolution 
(“Faltung”) of F(x) and 1—F,(—x), m, the median of 
Fi (x) Fi(m,+0)) and let = Fi(x+m). 
Let furthermore the constants ¢ (>0) be determined from 


the equations 
x2 


2. 
24 42 


Cn 


The main result reads then as follows. In order that {A,} 
and {B,} exist so that the distribution function of S, tends 
to a limiting law and x,/B, (1=k=n) are “constant in the 
limit” it is necessary and sufficient that a non-decreasing 
function G(u) with total variation 1 exists so that 


(1) lim ar (++ f an@)=cw 
<e, 
for every 
+2 x? 
(2) lim > ——4d x+ f rd ) = 
Izl <e, 
+0 2 
(3) lim sup f ne 0. 
ne C€,?+x? 


The proofs are based on results of the first of the author's 
papers reviewed above. M. Kac (Ithaca, N. Y.). 


Gnedenko, B. V. On limiting laws of the theory of proba- 
bility. Doklady Akad. Nauk SSSR (N.S.) 23, 868-871 
(1939). (Russian) [MF 1965] 

Additional remarks on two previous notes by the author 
[C. R. (Doklady) Acad. Sci. URSS (N.S.) 22, 61-64 (1939) 
and ibid. 18, 231-234 (1938) ]. The results stated are of the 
same character as in the author’s large memoir reviewed 
previously [cf. the first of the author’s papers reviewed 
above ]. M. Kac (Ithaca, N. Y.). 


Franckx, E. La théorie des chaines de Markoff. Etude 
du cas régulier. Skand. Aktuarietidskr. 1939, 200-210 
(19 [MF 2004] 

Let pi;, for i,7=1,---,7, be the probability of going 
from the state E; to the state E; in one step of a Markoff- 
chain and, accordingly, P{?=Si.1P&-"p.; the proba- 
bility of going from E; to E; in m steps. The Markoff-chain 
is called regular if the limits lim... Pi? exist and are 
independent of i, for i, 7=1, ---,r. The author proves by 
very simple methods that each of the following conditions 
is necessary and sufficient for regularity: I. For every two 
states E,, E; there exist a number m and a state E, so that 
P{P>0 and Pi>0. Il. There exists an E, such that 
for every other E; there is a number m for which P{?>0 
and P{?P>0. Z. W. Birnbaum (Seattle, Wash.). 


Onicescu, O. et Mihoc, Gh. Propriétés asymptotiques des 
chaines de Markoff étudiées 4 l’aide de la fonction 
caractéristique. Mathematica, Cluj 16, 13-43 (1940). 
[MF 2480] 

Consider a Markoff chain corresponding to a system 
which can be in any one of the states Si, ---, Sn». Let 


soc & ood 


oe F(—kz) 1— F(kx) 


MATHEMATICAL REVIEWS 


41, °**, dm be any m numbers. Let x;; be the chance variable 
which takes on the value a; if the system, initially in the 
state S;, is in the state S; after m transitions. The authors 
investigate the limiting distributions of 
using characteristic functions. The well-known results of 
Markoff, Bernstein, Romanovsky, Mihoc and Schulz, 
Doeblin are reobtained or generalized. The distributions in 
question are nearly normal for large m, except for certain 
cases, which are examined in detail, in which the limiting 
distributions are also found. J. L. Doob (Urbana, IIl.). 


‘Yosida, Késaku. The Markoff process with a stable 
distribution. Proc. Imp. Acad. Tokyo 16, 43-48 (1940). 
[MF 2211] 

) Kakutani, Shizuo. Ergodic theorems and the Markoff 
process with a stable distribution. Proc. Imp. Acad. 
Tokyo 16, 49-54 (1940). [MF 2212] 

The authors consider a temporally homogeneous Markoff 
process with P(x, the transition probability that 
the point x will be transferred into the set E in m steps, 
and g(E£) the probability that at any given stage x is 
in E. Yosida proves that if {f(x) (dx) exists, and if f™(x) 
=ff(y)P™ (x, dy), there is an f*(x) such that 


1» 


using the mean ergodic theorem in a Banach space. If x; 
becomes x,, in m steps, f(x) is the conditional expectation 
of f(xm) for x; supposed equal to x, and Kakutani shows that 
since (G. D. Birkhoff’s ergodic theorem) (1/)>>:"f(xm) con- 
verges with probability 1, it follows (by integrating out all 
but one variable) that (1/n)>-:*f™ (x) converges for almost 
all x (g-measure). This strengthens Yosida’s result. The 
result is closely connected with results of the reviewer 
[Trans. Amer. Math. Soc. 44, 114-115 (1938) ] who treated 
the case of a characteristic function of a set. The authors 
establish a similar result applied to the process reversed in 
time. Yosida then shows that if x-space is a compact metric 
space, and if the transition probabilities satisfy appropriate 
continuity hypotheses, there are necessarily absolute proba- 
bilities g(Z) which are essentially linear combinations of 
the limiting set functions of Cesaro sums of the P(x, E) 
(x fixed). Finally, Yosida discusses a special case in which 
the original states x become uniformly distributed through- 
out x-space, as the number of transitions increases. 
J. L. Doob (Urbana, Iil.). 


Doeblin, W. Sur l’équation matricielle A “+? =[A“ A] 
et ses applications au calcul des probabilités. Bull. Sci. 
Math. 64, 35-37 (1940). [MF 2008] 

Corrected proofs of results of an earlier paper [Bull. Sci. 

Math. 62, 21-32 (1938) ] relative to the matrix equation of 

the title. J. L. Doob (Urbana, IIl.). 


Doeblin, Wolfgang. Sur l’équation de Kolmogoroff. C. R. 

Acad. Sci. Paris 210, 365-367 (1940). [MF 1985] 

The investigations of a previous note [C. R. Acad. Sci. 
Paris 207, 705-707 (1938) ] are continued. It is supposed 
that the one parameter family {X(¢)} of chance variables 
determines a Markoff process, so that the conditional proba- 
bility F(x, y,s,t) that X()<y if X(s)=x satisfies the 
Chapman-Kolmogoroff equation. Conditions are found that, 
if a certain presumed limiting average a(x, s) and dispersion 
o*(x,s) are given, there then actually be a corresponding 
set of X(#), that is, a corresponding function F(x, y, s, t). 


Upper and lower limiting functions U2, U, are found: 
Prob. { Ui(s, r, X(s))=X(r) SU2As, X(s)), 


is determined in terms of the given a, o, and a greater flexi- 
bility is given to these results by finding a variety of U’s, 
depending on a real parameter. Proofs are not given. 

J. L. Doob (Urbana, IIl.). 


Doob, J. L. Regularity properties of certain families of 
chance variables. Trans. Amer. Math. Soc. 47, 455-486 
(1940). [MF 2162] 

This paper consists of two parts: § 2 is independent of 
the rest and carries on Doob’s general theory of stochastic 
processes depending on a continuous parameter ¢ [Trans. 
Amer. Math. Soc. 42, 107-140 (1937) ]. Axiomatically the 
study of a stochastic process reduces to the theory of 
measure in the space 0* of all real-valued functions x(¢); 
in the customary way, a probability measure P*(A*) is 
defined for sets A* ¢ 0*, starting from the sets defined by 
finitely many inequalities of the type a;=x(t,)=b;. The 
author is primarily concerned with the justification of such 
descriptive terms as continuity or boundedness as applied 
to stochastic processes. These notions are, of course, of 
basic importance; yet it is well known that they lead to 
difficulties which have in some cases been circumvented by 
special devices, but never have been dealt with systemati- 
cally before Doob’s paper quoted above. These difficulties 
are made apparent by the following theorem of the present 
paper: Whatever the P*-measure, the set of functions x(t) 
for which |.u.b.:e¢ x(t) SK has inner P*-measure zero for any 
real K and any nondenumerable t-set J. Doob’s fundamental 
remark was that it is still possible to define the probability 
of l.u.b. x(#)=K in a satisfactory way if we restrict the con- 
siderations to a suitably chosen subspace 2 c 0*; if A is the 
intersection of 2 with a P*-measurable set A* ¢ 2*, we put 
P(A) =P*(A*). Doob calls the subspace 2 together with the 
probabilities P(A) a stochastic process. Suppose now that 
it is possible to choose @ in such a way that there is an 
enumerable everywhere dense t-set {s;} for which, if 
x(t)e@ and if J is an open interval, I.u.b.¢e =1.u.b..,e 
and g.l.b.e7x(t) Such an is called a quasi- 
separable stochastic process. In this case the set of x(t)eQ 
for which l.u.b.:¢ 7x(t)=K obviously becomes P-measurable, 
and thus the way is cleared whenever there is a quasi- 
separable 2. That this is frequently the case was known 
[Doob, I.c.], but the following important theorem of the 
present paper gives the first complete solution of the prob- 
lem: Whatever the given P*-measure, there is a quasi- 
separable Q, at least if infinite valued functions are allowed. 
Other theorems of § 2 deal with continuity and convergence 
properties. We mention : Suppose that P*-measure is such 
that, for any denumerable /-set S, almost every x(t)eQ* 
coincides on S with a continuous function. Then there is a 
quasi-separable 2 c 2* whose elements are everywhere con- 
tinuous. 

The remaining two sections deal with families of chance 
variables {x,}, where ¢ varies in any simply ordered set, 
which have the property & that, whenever t:< ---<ta41, 
the conditional expectation E[x:,, exists 
and equals x:,,,. The case of an integral-valued ¢ is dealt 
with in §1. Let {x:, x2, ---} have the property &. It is 
shown that E[|x,|] is a non-decreasing sequence. The x, 
with k=n are uniformly integrable for any k; if, moreover, 
the whole family x; is uniformly integrable, lim x, =x exists 
with probability 1, and {x:, x2, ---, x} has the property &. 
(A similar statement, even without restriction, holds for 
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families {---, x1, x0} with the property &.) In §3 the | Khimtchine, A. Sur la croissance locale des processus 


case of a continuous ¢ is considered. The family {x,} then 
defines a P*-measure on 2*. The main result is that there 
is a quasi-separable 2 c 2* whose elements x(¢) are continu- 
ous everywhere except, perhaps, on a denumerable ¢-set 
which may vary with the element; except, perhaps, for a 
denumerable t-set D, for each fixed value ¢, lim, o x(¢+h) 
and lim,;ox(¢+) exist and equal x(¢); and all x(#)eQ are 
continuous to the right everywhere except possibly on D. 
These and other results of § 3 depend essentially on the 
results of §§ 1-2. 

Owing to the delicate formulations only a rough sketch 
of the main results is possible here; for further results and 
for details the reader is referred to the paper. 

W. Feller (Providence, R. 1.). 


Doob, J. L. The law of large numbers for continuous 
stochastic processes. Duke Math. J. 6, 290-306 (1940). 
[MF 2315 ] 

The author treats temporally homogeneous processes and 
differential processes. Suppose that, in the notation of the 
preceding review, the chance variables {x,} (— ©<i< @) 
are those of a temporally homogeneous space 2. Suppose, 
in addition, that the process is measurable, that is to say, 
that the function f(r, x(t))=x(r), considered as a function 
on the product space 7X2 of the real axis and 2, becomes 
measurable if measure on 7 XQ is defined as the product of 
Lebesgue measure on T and P-measure on @. The author 
shows, by a reduction to G. D. Birkhoff’s ergodic theorem, 
that if the expectation E[x»] exists, then lim (1/r) {px(é)dt 
exists for almost all x(#)eQ. More difficult is the study of 
differential processes, that is, of families {x,} for which 
Xty—Xt,, Xt. form a set of independent chance 
variables whenever t;<t2< ---<#,. It is known [P. Lévy, 
Ann. Scuola Norm. Super. Pisa (2) 3, 337-366 (1934); cf. 
also the paper reviewed above ], that for such {x;} there isa 
real function such that for y,=x,—a(t) the limits 
and y;-» exist with probability 1 for each ¢ except at most 
for a denumerable ¢-set. The process is called centered if 
one can take a(t)=0. The main results of the paper are: 
if {x,} be the variables of a centered differential process, 
then there is a real function f(t) such that 


s | +0 


with probability 1 if and only if there is a sequence f, such 
that 


(%n—Xo) 


-1,|-0 

n 

with probability 1. The theorem remains true if convergence 
is “in probability.” If E[x,—x» ]=e(t) exists for t>0, and if 
are uniformly integrable for n> 1, 
then in the above two relations convergence in probability 
takes place if f(t) is replaced by e(¢). If {x,} is a temporally 
homogeneous centered differential process, and if E[x;—x ] 
=e exists, then (x,—x9)/!—e with probability 1. 

The author proves some more properties of the stochastic 
processes ; for example, .hat a measurable temporally homo- 
geneous process is centered. Some general properties of 
sequences of independent chance variables z, are also stated. 
We mention: suppose that }-z, converges with probability 1 
and that E[>-z,] exists; then E[z,] exists and E[>z, ] 
=> Efz, ] and also E{l.u.b. } exists. 

W. Feller (Providence, R. I.). 


stochastiques homogénes 4 accroissements indépendants, 

Bull. Acad. Sci. URSS. Sér. Math. [Izvestia Akad. Nauk 

SSSR] 1939, 487-508 (1939). (Russian. French sum- 

mary) [MF 2092] 

Let {x(A)} (— ©<A< @) be a one-parameter family of 
chance variables determining a temporally homogeneous 
differential stochastic process: if Ai<---<A, the chance 
variables x(A2) —x(A1), X(An) are mutually in- 
dependent ; the distribution of x(A+h) —x(A) is independent 
of x. A function u(A) (A>0, u(A)>0, u(A) monotone non- 
decreasing) is called an upper limit for x(a) if 


—x(0)] 
+0 u(r) 


with probability 1. The author proves the following theorems. 
(A) Let P.(A) be the probability that |x(A)|>cu(d). Then 
is an upper limit for x(d) if and only if J>P.(A)dd/d 
(where o>0) is finite for every c>0. (B) The function 
(A log log 1/2)? is an upper limit for x(X) if the process con- 
tains no Gaussian component (that is, if x(A) —x(0) cannot 
be expressed as the sum of two independent chance vari- 
ables, one with a Gaussian distribution). (C) If the process 
contains a Gaussian component, lim supy+o |x(A)—x(0)| 
-(X log log 1/A)-*=const. (#0, ©), with probability 1. 
(D) If u(d) (A log log 1/A)-#-0 (A-0), there is a process 
without a Gaussian component, such that u(d) is not an 
upper limit for x(). The proofs of (B), (C), (D) are based on 
(A), and on Lévy’s formula for the characteristic function of 
the chance variable x(\) —x(0). The results include earlier 
ones by the same author, dealing with more special processes. 
J. L. Doob (Urbana, IIl.). 


Kac, M. On a problem concerning probability and its 
connection with the theory of diffusion. Bull. Amer. 
Math. Soc. 46, 534-537 (1940). [MF 2426] 

Given a sequence of boxes B, (v=0, +1, +2, ---) and V 
numbered balls situated in Bo. The balls are successively 
deplaced according to the following scheme: One chooses 
at random one among the numbers — VW, ---, —1, +1, ->:, 
+N, which are supposed to be equiprobable, and if & is 
drawn the ball number || is removed from its box, say 
En, to Eny1 or E,~1 according to the sign of k. The problem 
is to find the mean value of the number of balls in E, after 
n repetitions of the process. Using functions of choice and 
a discontinuity factor, the author finds a solution in the 
form of a definite integral. Moreover, it is shown that, when 
between adjacent boxes more and more boxes are inter- 
polated, and at the same time the number of processes 
increases in a suitable way, the solution of the problem, 
when suitably normed, tends to the well-known solution 
of the ordinary diffusion-problem. W. Feller. 


Feller, Willy. On the time distribution of so-called random 
events. Phys. Rev. 57, 906-908 (1940). [MF 2026] 
This paper points out that the formula announced by 

A. Ruark [Phys. Rev. 56, 1165-1167 (1939); these Rev. 1, 

150] for the probability that the time elapsed between con- 

secutive events in a sequence of exactly m “random events” 

in a run of duration ¢ is incorrect. Starting from first prin- 
ciples, and without using the approximations employed 
previously, the exact (and simpler) formula is here obtained. 

Some of the restrictive conditions originally imposed are 

shown to be irrelevant. Three interpretations of the problem 

lead to a common solution. A. A. Bennett. 


Vi 
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Volberg, O. Probléme de la queue stationnaire et non- 
stationnaire. C. R. (Doklady) Acad. Sci. URSS (N‘S.) 
24, 657-661 (1939). [MF 2056] 

The author studies a special stochastic process, which 
may empirically be described as follows : Let customers call 
for services of some kind in such a way that the probability 
of a call in any time interval of length At is aAt+-o(A?), with 
a=const.; the time required by the service for a single 
customer is a random variable underlying a known (but 
arbitrary) distribution function; there are s2=1 counters 
to serve the customers and they are called upon in a speci- 
fied order. Problem: what is the probability distribution 
r(r, t) of the time + which a customer calling at the moment 
tis likely to wait before getting service? [Cf. also Pollaczek, 
Math. Z. 32, 64-100, 729-750 (1930) and 38, 492-537 
(1934).] 

The author obtains an integral equation for x(r, ¢) and 
solves it by means of double Laplace transforms. This 
enables him also to investigate the behavior of x(r, 7?) as 
t+. In the most important case (coefficient of utilization 
<1), x(r, ¢) tends to a stationary probability distribution 
whose Laplace transform is explicitly determined by the 
author; if, however, 7>1, there is no stationary limit, but, 
if normed in a suitable way (depending on #), x(r, ¢) tends 
to the Gaussian distribution. W. Feller. 


Bernstein, Serge. Correction d’une démonstration. C. R. 
(Doklady) Acad. Sci. URSS (N.S.) 25, 707-709 (1939). 
[MF 2121] 

Concerning a theorem published in the author’s lecture 

“Equations différentielles stochastiques” [Actual. Sci. Ind., 

no. 738, Paris, 1938]. 


Theoretical Statistics 


¥A Bibliography of the Statistical and Other Writings of 
Karl Pearson. Compiled by G. M. Morant with the 
assistance of B. L. Welch. Cambridge University Press, 
Cambridge, England, 1939. viii+-119 pp. 


Dodd, Edward L. The substitutive mean and certain sub- 
classes of this general mean. Ann. Math. Statistics 11, 
163-176 (1940). [MF 2337] 

The author defines the substitutive mean as follows: 
Let f(x:, ---,%n) be a function of m variables x, ---, Xp, 
defined at least for one set of equal values x;=k. If c is any 
number such that f(c, ---,c) is defined, let one value of 
fic, ---, c) be equal to c. Then f(x:, ---,x,) will be said to 
be a substitutive mean of x1, ---,X,. As particular sub- 
classes of the general class of substitutive means, the sum- 
mational mean and the quasi-arithmetic mean are consid- 
ered. The summational mean is defined as follows: Let 
x denote a summation for i=1, ---,. Suppose that 
Fly, ¥), Ufe(cexi, y)} =0 has a solution y=Q 
which is a substitutive mean of xi, ---, x,. Then Q will be 
called a summational mean relative to the functions 
fi, «++, fe and F. The author shows that the ten means listed 
by Gini are summational means. A function f(x, --~-, Xa) 
is not in general a mean of its arguments x, ---, X». It is 
shown, however, that under certain conditions a substitu- 
tion x;=(y,;) can be made such that f[®(y:), ---, 
=g(y1, is a mean of its arguments 1, ---, The 
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author finally investigates the character of means arising in 
the estimation of parameters of frequency distributions. 
A. Wald (New York, N. Y.). 


Dwyer, P. S. The cumulative numbers and their poly- 
nomials. Ann. Math. Statistics 11, 66-71 (1940). 
[MF 1611] 

This is a continuation of the author’s work published in the 
same Annals 9, 288-304 (1938). There, with F, as the fre- 
quency of x, the sums Fy, ---, Pet Feit--++Fo 
are listed in a column headed C'. Then the items in C' are 
cumulated in the same manner to form the column C?; and 
so on. A moment }>°x*F, is expressed as a linear function of 
certain numbers in such a table, the coefficients being desig- 
nated “cumulative numbers.” In this second paper, the 
cumulative numbers are used to form polynomials, and a 
recursion formula for these polynomials is found. With 
x) =x(x—1) --- (x—s-+1), the author expresses the power 
x* linearly in terms of x, (x+1), ---, (x+s—1), and 
shows how the coefficients thus obtained can be used to 
determine the cumulative numbers. E. L. Dodd. 


Smirnoff, N. On the estimation of the discrepancy be- 
tween empirical curves of distribution for two independ- 
ent samples. Bull. Math. Univ. Moscou 2, no. 2, 16 pp. 
(1939). [MF 1998] 

Given a random variable X whose distribution function 
F(x) is continuous. Let and xPS---S 
be two “variational” series of observations. Define the 
“empirical” distribution curve of the first series (S,,(x)) by 
putting S,,(x)=0 for x<x{”, S,,(x)=k/n for 
S,,(x) =0 for x> x{?, and define S,,(x) in an analogous way. 


Let finally 
D(n, m2) =_ sup | Sn, (x) — Sn,(x) | 


The author proves that, if as ©, and 
n=mn-/(1+7), then the probability that D(m, 
(A>0) tends to >+8(—1)* exp (—2k*d*). A generalization 
of this result is also given. The paper is closely related to 
another paper by the author [Rec. Math. [Mat. Sbornik] 
N.S. 6 (48), 3-26 (1939); these Rev. 1, 246]. 

M. Kac (Ithaca, N. Y.). 


Mitropolsky, A. On the multiple non-linear correlation 
equations. Bull. Acad. Sci. URSS. Sér. Math. [Izvestia 
Akad. Nauk SSSR] 1939, 399-406 (1939). (Russian. 
English summary) [MF 2086] 

Let X and Y be two discrete random variables and let 
p(x, y) represent the probability that X=x and Y= y. 
Further let ¢;, ;(x, y), for i, 7=0, 1, 2, ---, denote a system 
of polynomials in x and y, with the highest term of ¢, ;(x, ¥) 
equal to x*y’. The system is supposed to be orthogonal with 
respect to p(x, y), so that S= >>. yp(x, y) ¢is¢2,1>0 if both 
i=k and j=l, and S=0 otherwise. Denote further by 
Z(x, y) the regression function of a third random variable Z 
with respect to X and Y, that is, the relative expectation 
of Z, calculated under the assumption that X =x and Y=y. 
Applying the method of Tschebycheff, the author represents 
the polynomials ¢;, ;(x, y) in terms of determinants involving 
product moments of X and Y and then obtains expressions 
of the coefficients a;; minimizing the sum of squares 


(Z(x, y)— ou, i(x, =o". 


The minimum value o>? of o* is also given. The general ideas 
are, of course, familiar. [E.g., see D. Jackson, Duke Math. 
J. 2, 423-434 (1936). ] J. Neyman (Berkeley, Calif.). 
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Aitken, A.C. On the independence of linear and quadratic 
forms in samples of normally distributed variates. Proc. 
Roy. Soc. Edinburgh 60, 40-46 (1940). [MF 1996] 

A neat derivation is given of a criterion in matrix form 
for the independence of a linear and a quadratic form in the 
observations composing k samples of , m2, ---, m from an 
h-dimensional normal population. This is illustrated in the 
case of the usual ¢-test for a mean and the difference of two 
means. A lemma on idempotent matrices is useful in this 
connection. There are some remarks on the general form 


such tests may take. C. C. Craig (Ann Arbor, Mich.). 


Hsu, C. T. and Lawley, D. N. The derivation of the fifth 
and sixth moments of the distribution of 5, in samples 
from a normal population. Biometrika 31, 238-248 
(1940). [MF 2264] 

Using combinatorial methods first given by Fisher and 
further developed by Fisher and Wishart, the authors cal- 
culate the fifth and sixth semi-invariants or cumulants of 
ky, Fisher’s k-statistic of order 4 in samples of m from 
normal. From these, using previously known results of lower 
orders, and a result due to Fisher, the authors find the exact 
values of the fifth and sixth central moments of the fourth 
standard moment 5, in samples of m from normal. The 
results are checked for n=4 from the exact distribution 
function found by McKay in this case. C. C. Craig. 


Craig, Cecil C. The product semi-invariants of the mean 
and a central moment in samples. Ann. Math. Statistics 
11, 177-185 (1940). [MF 2338] 

For the purpose of determining the product semi-invari- 
ants of the mean and a central moment in samples from an 
infinite population, the author adapts a method which he 
employed earlier [Craig, Metron 7, 3-75 (1928) ] for calcu- 
lating product semi-invariants of moments in samples. By 
using this adapted technique the author determines the 
product semi-invariants of weight ten for the mean and the 
second, third and fourth central moments. 5S. S. Wilks. 


Baker, G. A. Comparison of Pearsonian approximations 
with exact sampling distributions of means and variances 
in samples from populations composed of the sums of 
normal populations. Ann. Math. Statistics 11, 219-224 
(1940). [MF 2345] 

The author indicates the conditions under which Pear- 
sonian type curves fail to give close approximations to the 
exact sampling distributions of means and variances of 
small samples from a particular type of non-normal dis- 
tribution. W. A. Shewhart (New York, N. Y.). 


Haldane, J. B. S. The cumulants and moments of the 
binomial distribution, and the cumulants of x? for 

a (nX2)-fold table. Biometrika 31, 392-396 (1940). 

[MF 2273] 

Expressions are obtained for the first twelve cumulants 
of the binomial distribution, and a simple recurrence for- 
mula for further cumulants. The first six cumulants of x? 
for a (mX2)-fold table, when expectations are small, are 
deduced. Author's summary. 


Haldane, J. B. S. The mean and variance of x*, when 
used as a test of homogeneity, when expectations are 
small. Biometrika 31, 346-355 (1940). [MF 2269] 
Consider the (mXn)-fold table (a;;), i=1, ---, m; 

j=1, --+-,n, with the marginal totals s;= t;= 


and For testing the hypothesis of homo- 


geneity the expression 
/= 
= 


is used. In the present paper the author derives the exact 
values of the mathematical expectation E(x?) and of the 
variance V(x?) for this expression. Z. W. Birnbaum. 


Przyborowski, J. and Wilenski, H. Homogeneity of re- 
sults in testing samples from Poisson series with an 
application to testing clover seed for dodder. Biometrika 
31, 313-323 (1940). [MF 2267] 


Hartley, H. O. Testing the homogeneity of a set of vari- 
ances. Biometrika 31, 249-255 (1940). [MF 2265] 
Consider k samples each taken from some normal popu- 

lation and denote by o; the S.D. of the ith population, by 

s? the unbiased estimate of o,; derived from the corre- 

sponding sample with f; standing for its number of degrees 

of freedom. The author is concerned with the test of the 
hypothesis that o:=02:=---=o;, and, in particular, with 
the distribution of the criterion L’ defined by the relation 


k k 


with F= > {_if; representing M. S. Bartlett’s modification 
[Proc. Roy. Soc. London. Ser. A. 160, 268-282 (1937) ] of the 
A-criterion originally suggested by Neyman and Pearson 
[Bull. Int. Acad. Polon. Sci. Cracovie (A) 6, 460-481 (1931)], 
Using the expressions for moments of L’ provided by B. L. 
Welch [Statist. Res. Mem. London 1, 52-56 (1936) ] and an 
inversion process the author provides an expansion, the first 
two terms of which are taken to approximate the actual 
distribution of L’. The proof that the remainder term is 
negligible is involved and is omitted, probably as a con- 
cession to the practical tendency of the journal. The results 
are interesting because the approximate distribution of L’ 
depends only on three parameters, which makes it possible 
to attempt its tabulation. J. Neyman. 


Johnson, N. L. and Welch, B. L. Applications of the non- 
central /-distribution. Biometrika 31, 362-389 (1940). 
[MF 2270] 

In this paper z is normally distributed about zero with 
unit standard deviation, w is distributed independently as 
x*/f, where f is number of degrees of freedom of the x’, 
and, for given constant 4, ¢ is defined as (z+6)/ w, being 
thus non-centrally distributed save when 6=0, in which 
case this ¢ reduces to the familiar Student’s ¢. The proba- 
bility integral of the non-central ¢ demands a table of triple 
entry, in terms of f, 6 and to (where the probability « that 
t exceeds to is being considered). Tables are here provided; 
one with 6 as a function of f, fo and ¢, being most fully 
elaborated. Among the situations requiring the use of such 
tables are listed (1) the testing of hypotheses for given 
estimates of the coefficient of variation, (2) examining the 
power of Student's ¢-test, (3) studying how a measurable 
object is related to a fixed level, often called the “proportion 
defective” problem. Numerical examples are given to show 
the practical working of these tables and estimates are made 
of numerical reliability for the figures. A. A. Bennett. 


*Greenhood, E. Russell, Jr. A Detailed Proof of the 
Chi-Square Test of Goodness of Fit. Harvard Univer- 
sity Press, Cambridge, Mass., 1940. xiii+61 pp. $1.25. 
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Berkson, Joseph. A note on the test, the 
Poisson and the binomial. J. Amer. Statist. Assoc. 35, 
362-367 (1940). [MF 2294] 

A contribution to the previous discussion concerning the 
x’ test [J. Berkson, J. Amer. Statist. Assoc. 33, 526-536 
(1938) and B. H. Camp, ibid., 537-542]. An extensive 
sampling experiment is used to show that the x? applied to 
test the hypothesis that a given variable follows the Poisson 
law of frequency, when the alternatives specify some bi- 
nomial, is of a lesser detective power than another test, 
based on the ratio of the sample S.D. and its mean. The 
author’s point is that the tests should be selected on the 
basis of their power functions and that the x? test, although 
generally applied very frequently, is not necessarily the best 
in all cases. J. Neyman (Berkeley, Calif.). 


Camp, Burton H. Further comments on Berkson’s prob- 
lem. J. Amer. Statist. Assoc. 35, 368-376 (1940). 
[MF 2295] 

A reply to the article of Berkson reviewed above. The 
author agrees that the power should be the basis for choosing 
tests, but points out technical difficulties both in specifica- 
tion of the hypotheses alternative to the ones tested and in 
calculating the corresponding power functions. Normal 
approximations to both the binomial and the Poisson dis- 
tributions are used to show theoretically the reasons why 
the test suggested by Berkson proves to be more powerful 
than x? in the case considered. J. Neyman. 


Bartlett, M. S. A note on the interpretation of quasi- 
sufficiency. Biometrika 31, 391-392 (1940). [MF 2272] 
If @ is a parameter of location and if for a sample S with 

a given configuration C, T being a statistic, we can write 

0)p(C), 

the author has called T a quasi-sufficient statistic for @. In 
answer to some remarks of B. L. Welch [Ann. Math. Sta- 
tistics 10, 58-69 (1939) ], it is agreed that the conditional 
statistic T| C only enjoys full sufficiency properties for the 
set of samples with the same C. These properties are, how- 
ever, independent of the selection for C. C. C. Craig. 


Kendall, M. G. Some properties of k-statistics. Ann. 

Eugenics 10, 106-111 (1940). [MF 2195] 

By the use of differential operators and a special moment 
operator, the author demonstrates several properties pos- 
sessed by Fisher’s k-statistics, some of which were previously 
known. S. S. Wilks (Princeton, N. J.). 


Daly, Joseph F. On the unbiased character of likelihood- 
tatio tests for independence in normal systems. Ann. 
Math. Statistics 11, 1-32 (1940). [MF 1608] 

Let 


zsi=(xt— > 5b,‘x,), t=1,2,---, 
r=k+1 

and suppose the z‘ are distributed according to a normal 
multivariate distribution law with zero means and variances 
and covariances given by the positive definite matrix ||a;;||, 
i,j=1, 2, --+,&. Neyman-Pearson likelihood-ratio criteria 
have been derived by several authors over a period of several 
years for testing, on the basis of samples, various statistical 
hypotheses regarding the b,‘ and a;;. The probability theory 
of these criteria under the assumption that the correspond- 
ing statistical hypotheses are true is fairly complete. In the 
present paper, the author has investigated the question as 


to whether or not some of these test criteria are biased. One 
of the most general and important hypotheses to be tested 
is that b,‘, ~=k+1, ---, k+h, where k+hXq, have specific 
values b,o', whatever may be the values of the remaining 
b,* and the a;;. It is shown that the criterion for this hy- 
pothesis is at least locally unbiased, that is, the criterion is 
less likely to reject the hypothesis when the sample is in fact 
drawn from a normal multivariate population in which 
b,‘=b,0* than when it is drawn from a normal multivariate 
population in which the b,‘ have any value in the neighbor- 
hood of byo*. The author has succeeded in showing that some 
of the special cases of this general test are completely un- 
biased, that is, they are unbiased without restricting the 
5,‘ to be close to bye’. Among these are: the multiple corre- 
lation coefficient with or without fixed variates; Hotelling’s 
generalized T test and the equivalent “Studentized” D* test; 
the ordinary analysis of variance and covariance for ortho- 
gonal or non-orthogonal data and related tests of linear 
statistical hypotheses in the case of i=1. It is shown that 
the criterion \; appropriate to the hypothesis H is locally 
unbiased, where H; denotes the hypothesis that the 2; are 
independent by sets, that is, that ||a;;| is a matrix composed 
of diagonal blocks of non-zero elements with zero elements 
elsewhere. It is furthermore shown that the mean value of 
7 (h=1, 2, ---+) is greater when H, is true than when any 
“admissible alternative” to H,; is true, which is a property 
very close to that of being completely unbiased. 
S. S. Wilks (Princeton, N. J.). 


Fisher, R. A. On the similarity of the distributions found 
for the test of significance in harmonic analysis, and in 
Stevens’s problem in geometrical probability. Ann. Eu- 
genics 10, 14-17 (1940). [MF 2192] 

For Stevens’s problem to which the title refers, cf. these 
Rev. 1, 245. The author observes that Stevens’s solu- 
tion is strikingly similar to one at which he arrived [Proc. 
Roy. Soc. London. Ser. A. 125, 54-59 (1929)] for the 
problem of testing the significance of the largest of the 
harmonic components into which a series of observations 
may be analyzed. Though the two problems are apparently 
unconnected, it is shown that the identity of the solutions 
is due to their intrinsic equivalence. The further formulae 
of Stevens are shown to provide a test of significance for 
harmonic components other than the greatest. Tables for 
testing the significance of the largest and second largest 
components are also given. W. Feller. 


Jeffreys, Harold. Note on the Behrens-Fisher formula. 
Ann. Eugenics 10, 48-51 (1940). [MF 2193] 


Kullback, S. and Frankel, A. A simple sampling experi- 
ment on confidence intervals. Ann. Math. Statistics 11, 
209-213 (1940). [MF 2343] 

It is well known that, in samples of size m from a rectangu- 
lar population with unknown range @, the distributions 
of the range, the mean and largest variate in the sample can 
be used as a basis for the estimation of @ by intervals. The 
authors set up a simple sampling experiment, using Tippett’s 
tables of random numbers, for estimating 6 from samples of 
size 2 and 4. 3900 samples of size 2 were drawn and confi- 
dence intervals based on sample range, mean and largest 
variate for a confidence coefficient of .81 were computed. 
The correspondence between the theoretical and observed 
results was very close. Similar results were obtained for 
samples of size 4. S. S. Wilks (Princeton, N. J.). 
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Dantzig, George B. On the non-existence of tests of 
“Student’s” hypothesis having power functions independ- 
ent of ¢. Ann. Math. Statistics 11, 186-192 (1940). 
[MF 2339] 

This paper explains clearly the nature of the Student 
hypothesis, the Student test for this hypothesis and the 
“power” of the Student test. P. L. Hsu has proposed looking 
for a test, the power of which does not depend upon param- 
eters not specified by the hypotheses. In particular, the 
disadvantage of introducing estimates of ¢, in applying 
Student’s test, are obvious. This paper proves that there 
can be no test of Student’s hypothesis whose power is inde- 
pendent of ce. A. A. Bennett (Providence, R. I.). 


Wald, A. and Wolfowitz, J. Ona test whether two samples 
are from the same population. Ann. Math. Statistics 11, 
147-162 (1940). [MF 2336] 

It is assumed as known that the cumulative probability 
laws f(x) and g(x) of two variables X and Y are continuous 
and the problem treated is that of using two samples of 
independent observations x1, X2, and ¥2, Vn 
to test the hypothesis H that f(x)=g(x). Arrange all the 
m+n observations in an ascending sequence 2;<2:<--- 
<Zm4n and let v; equal zero or unity according to whether 
2; is a particular observed value of X or of Y. If several of 
the consecutive v’s are equal, they form a “run.” The 
criterion suggested for testing H is U, defined as the number 
of runs in the sequence of the v’s, so that H is rejected when 
U <uo=constant. 

The authors deduce the probability law of U, on the 
hypothesis H, previously found by W. L. Stevens [Ann. 
Eugenics 9, 10-17 (1939) ] by another method and for a 
different purpose. It proves to be independent of f=g and 
tends to become normal as the sizes of the samples increase. 
Another theorem shows that, under very broad conditions, 
the test suggested is what the authors call “consistent,” 
that is, that the probability of its detecting the falsehood 
of the hypothesis tested tends to unity as the size of the 
samples is indefinitely increased, their ratio being constant. 
The article ends with an example showing that a test of the 
same hypothesis H previously suggested by W. R. Thomp- 
son [Ann. Math. Statistics 9, 281-287 (1938)] is not, in 
general, consistent. J. Neyman (Berkeley, Calif.). 


Mauchly, John W. Significance test for sphericity of a 
normal n-variate distribution. Ann. Math. Statistics 11, 
204-209 (1940). [MF 2342] 

A test is given for the hypothesis that a sample from 
a normal n-variate (n=2 or 3) population is from one in 
which the variances are all equal and the correlations are 
all zero. An application for two dimensions is mentioned. 

W. A. Shewhart (New York, N. Y.). 


Friedman, Milton. A comparison of alternative tests of 
significance for the problem of m rankings. Ann. Math. 
Statistics 11, 86-92 (1940). [MF 1613] 

Let denote the number of some objects A. Those ob- 
jects are ranked according to some basis for preference by 
m individuals. Denote by x; the sum of ranks ascribed to 
the ith object, by S the sum of squares of deviations of the 
x; from their mean value m(n+1)/2 and by S’ the maximum 
value of S, equal to m*(n*—mn)/12 and attainable when there 
is a complete unanimity in rankings. The ratio W=S/S’, 
varying between zero and unity, is considered as the meas- 
ure of community of judgment among the m individuals. 


The author is concerned with the probability distribution 


p(W) of W under the hypothesis that the rankings of objects 
A are made entirely at random and independently by all 
the m individuals. In previous publications [M. Friedman, 
J. Amer. Statist. Assoc. 32, 675-701 (1937); M. G. Kendall 
and B. Babington Smith, Ann. Math. Statistics 10, 275- 
287 (1939); these Rev. 1, 23] two different processes were 
suggested for approximating »(W), one based on the Chi- 
square and the other on the z distributions. The degree of 
approximation was tested by comparisons with true values 
obtained by direct enumeration for several values of m and 
a. The present paper extends the comparison somewhat 
further than it was done before, leading to the conclusion 
that, while the approximation by the z distribution is more 
accurate, the simpler method of approximation provided by 
the Chi-square is adequate, provided m is only moderately 
large. J. Neyman (Berkeley, Calif.). 


Fisher, R. A. An examination of the different possible 
solutions of a problem in incomplete blocks. Ann. Eu- 
genics 10, 52-75 (1940). [MF 2194] 

After obtaining some general results on balanced incom- 
plete block designs, as defined by R. C. Bose [Ann. Eu- 
genics 9, 353-399 (1939); these Rev. 1, 199], the author 
considers the special problem of arranging 15 letters in 35 
triads, so that every letter occurs in 7 triads, and every pair 
of letters in just one. Deriving one solution from another by 
an interchange of letters resembling that of H. W. Norton 
for Latin squares [Ann. Eugenics 9, 269-307 (1939) ; these 
Rev. 1, 199], he finds a total of 60,259918,118400 solutions, 
which fall into 79 sets. These sets are tabulated, with suffi- 
cient characteristics to distinguish them, and a specimen of 
each is given. Thirty-six sets of solutions are completely 
asymmetrical, and so provide 15! solutions each, accounting 
for over 78 percent of the total. The remaining solutions 
are invariant under certain permutation groups of the 15 
letters, of orders 2, 3, 4, 5, 6, 8, 12, 21, 24, 32, 36, 96, 168, 
192, 288, and 20160. (Although generating permutations are 
given, it would be interesting to see these groups more fully 
described ; one wonders whether the group of order 168 is 
simple, and whether that of order 20160 is the alternating 
group of degree 8.) By paying special attention to those 
solutions in which the 35 triads fall into 7 sets of 5, each 
involving all the 15 letters, the author checks the result of 
P. Mulder and F. N. Cole [see W. W. R. Ball, Mathe- 
matical Recreations and Essays, London, 1939, p. 292] that 
Kirkman’s problem of the 15 schoolgirls has 65 X13! solu- 
tions, but only 7 fundamental solutions. 

H. S. M. Coxeter (Toronto, Ont.). 


Cornish, E. A. The estimation of missing values in quasi- 
factorial designs. Ann. Eugenics 10, 137-143 (1940). 
[MF 2574] 


Applications of the Theory of Probability 


Glivenko, V. I. Studies on mathematical genetics. IL 
Bull. Acad. Sci. URSS. Sér. Biologique [Izvestia Akad. 
Nauk SSSR] 1939, 615-635 (1939). (Russian. English 
summary) [MF 2081] 

Our purpose was first of all to obtain once more the 
already known results of mathematical genetics but with a 
precise analysis of the most general simplifying presump- 
tions which do not yet exclude the validity of these results. 
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The réle of these presumptions would thus be completely 
elucidated. Along the paths prepared in this way further 
steps could have been made by systematically introducing 
new complications in correspondence with the conditions 
actually existing in nature. It was found that some of the 
principal results of mathematical genetics remain valid 
under more general conditions than it was hitherto surmised. 
In the present publication which constitutes the first part 
of the writer’s “Investigations,” a study is carried out of 
monohybrids in an unlimited population without selection 
and mutations. Extract from author's summary. 


Richter, Hans. Die Konvergenz der Ern 

BI. Versich.-Math. 5, 21-35 (1940). [MF 2118] 

It is known that the theory of self-renewing aggregates 
leads to the integral equation 


(1) f P(t—x)o(x)dz, 


where ¢(x) is the unknown intensity of replacements and 
P(t) the probability of survival, that is, a non-increasing 
function with P(0)=1 and lim,,. P(#)=0. The author 
assumes that there is an w>0 such that P(#)=0 for t= 
(finite maximal age), and moreover that, except for a finite 
number of points, P(t) has a continuous derivative. He then 
proves that under these conditions lim,,.. ¢(¢) =a exists and 
that ¢(¢) oscillates around a as t+. This is a slight im- 
provement of a theorem of Herbelot [Bull. Trim. Inst. Act. 
Francais 19, 293 (1909) ]. For the theory of (1) and a bibli- 
ography, cf. Lotka [Ann. Math. Statistics 10, 1-25 (1939) ]. 
W. Feller (Providence, R. I.). 


Hadwiger, H. und Ruchti, W. Ueber eine spezielle Klasse 
analytischer Geburtenfunktionen. Metron 13, no. 4, 17- 
26 (1939). [MF 2534] 

The authors study the integral equation of population 
mathematics in the form 


if 


{ef. Hadwiger, Mitt. Verein. Schweiz. Versich.-Math. 38, 
1-14 (1939) ; these Rev. 1, 154 and Rhodes, J. Roy. Statist. 
Soc. 103, 61-89 (1940); these Rev. 1, 250]. It is supposed 
that o(£)=Aée-*, where A and ¢ are positive constants, 
m a positive integer. Assuming moreover that G(#) is, for 
—« <t< o, infinitely derivable and that (*) may be differ- 
entiated formally under the sign of integration, it is shown 
that G(t) satisfies the differential equation (d/dt+-c)°*G(0) 
=n!AG(t). It follows that G(t) is a sum of exponential 
terms, in accordance with a well-known theorem [cf. Lotka, 
Ann. Math. Statistics 10, 1-25 and 144-161 (1939) ]. The 
paper ends with an empirical computation for the case of 
the Swiss population of 1932-1935. W. Feller. 


Hagstroem, K. G. Rilievi sulla teoria del deprezza- 
mento. Giorn. Ist. Ital. Attuari 10, 193-212 (1939). 
[MF 1888] 

The problem of depreciation is treated by actuarial 
methods. First a theory is founded on the simplest assump- 


t>0, 
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tion that the object under consideration depreciates com- 
pletely after a known length of its useful life. Then a more 
general theory is developed, based on the assumption of a 
“force of mortality” which indicates the probability of 
complete depreciation of an object as a function of its age. 
Remarks on.a “probabilistic” theory of the exchange of 
economic goods conclude the paper. Z. W. Birnbaum. 


Franckx, E. I capitali di sopravvivenza. Giorn. Ist. Ital. 

Attuari 10, 213-220 (1939). [MF 1889] 

Let the force of mortality u(x) be of the Quiquet- 
order p, that is, an integral of a differential equation 
Aw' (x) (x) +--+ -+Apyp?* (x) =0. Let go(x) =const., 
¢1(x), ---, @p41(x) be a system of linearly independent inte- 
grals of this equation. By 


Ux) U(xm) 
lusts) 


Kus) (un) 
we denote the value of a contingent assurance under which 
the sum one is payable at the first death among the lives 
X1, °**, Xm, if all the lives y2, ---,¥, survive. The 
main theorem of the present paper is: A is a linear combi- 
nation with constant coefficients of the p+1 functions 


em) 
4+=0, 
and one of the coefficients may be chosen arbitrarily. 
Z. W. Birnbaum (Seattle, Wash.). 


Rich,C.D. Ageneral theory of mortality. J. Inst. Actuar. 
70, 314-363 and discussion 364-379 (1940). [MF 2352] 
Assuming that health can be measured by a number 

lying between 0 and 1 and varying continuously in time, 
the author develops a speculative theory on the relations 
between health and mortality, based on “‘forces of deteriora- 
tion and recuperation.” For details we must refer to the 
paper and the subsequent discussion. W. Feller. 


Zapff, Joachim. Die Ausgleichung von Sterbetafeln unter 
besonderer Beriicksichtigung der Gewichte der Einzel- 
beobachtungen. BI. Versich.-Math. 5, 1-21, 49-68 (1940). 
[MF 2117] 


Hafstad, L. R. On the Bartels technique for time-series 
analysis, and its relation to the analysis of variance. 
J. Amer. Statist. Assoc. 35, 347-361 (1940). [MF 2293] 
Bartels’ methods [Terrestrial Magnetism 40, 1-60 (1935) ] 

obviate difficulties due to autocorrelation or ‘‘persistence” 

which have led many writers to believe, erroneously, that 
harmonic analysis and the correlation coefficient are un- 
satisfactory statistical tools. The point is illustrated on 
problems discussed by Yule, Thomas, Mitchell, Fisher and 

Greenstein. The author (rightly) deplores the failure of 

economic and sociological statisticians to use some of the 

methods available in the literature of physical science. 
A. Blake (Washington, D. C.). 


MATHEMATICAL PHYSICS 


Herzberger, M. Normal systems with two caustic lines. 
J. Opt. Soc. Amer. 30, 307-308 (1940). [MF 2496] 
This is a supplementary note to a previous paper [J Opt. 


Soc. Amer. 29, 392-394 (1939); these Rev. 1, 24]. It is 
shown that a complete discussion yields an additional result 
which had been overlooked, namely, the existence of a. 
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normal system consisting of lines connecting an ellipse and 
a hyperbola in two planes orthogonal to each other and 
having one common axis. P. Boeder. 


Ignatovskij, W. S. Zur Beugung an einem Spalt, resp 
Streifen. I. C. R. (Doklady) Acad. Sci. URSS (N NS) 
25, 375-378 (1939). [MF 2074] 

When the periodic factor e*“ is dropped, the electric force 
in an incident wave travelling parallel to the x-axis may be 
taken to be e~**. In case I the electric force is parallel to 
the x-axis; in case II the magnetic force is parallel to the 
z-axis. In each case the solution of the diffraction problem 
for either a slit or band reduces to that of an integral 
equation 


in which 
af(y)=—tk Qo(ks)ds —tk Qo(ks)ds, 
0 0 


k f QoLk(s-+y) OoLk(s—y) ]}ds/(s-+y), 


and 2Q(x) is ix times a Hankel function of the second kind 
with argument «x. In the first case ¢(y) represents the value 
of the electric force in the slit (x=0, —a=y=a). In the 
second case ¢(y)=1—cNo(y), where No(y) represents the 
value of the magnetic force on the plane x=0 and is known 
outside the band (—a=y=a). In obtaining these results 
use is made of the theorem found by the author [C. R. 
(Doklady) Acad. Sci. URSS (N.S.) 20, 105-108 (1938) ]. 
A solution of u,.+uy+k’u=0 is given by 


f "T(x, 8) Holy —s)ds, 

when u,(0, y) =Ho(y), and by 
rule, J s)Noly—s)ds, 


when «(0, y) = No(y). In both cases Io(x, s) = Qo(k(x*+57)4). 
H. Bateman (Pasadena, Calif.). 


Ignatovskij, W. S. Zur Beugung an einem Spalt, resp. 
Streifen. II. C. R. (Doklady) Acad. Sci. URSS (N.S.) 
25, 665-667 (1939). [MF 2120] 

[See the preceding review. ] In case I for the band, No(y), 
for y=a, may be found from the integral equation 


F(y) = f Ksly, 


in which 

F(y) f Oo(ks)ds 
and 
t) => 


k f QoL k(y—s)]}ds/(t-+s). 


The same integral equation also gives the solution of the 
diffraction problem for the slit in case II, the unknown 
function being 1—cNo(y) instead of No(y). The integral 
equation is transformed into other forms in which the kernel 
is still unsymmetrical but finite and continuous in the open 


interval (a, ©). When both arguments are the same there 


is a singularity at y=a. H. Bateman (Pasadena, Calif.). 
Cauer, W. Das Poissonsche Integral und seine Anwen- 
dungen auf die Theorie der linearen Wechselstrom- 

schaltungen (Netzwerke). Elektr. Nachr. Techn. 17, 

17-30 (1940). [MF 1721] 

This is an exposition of the theory of the Poisson integral, 
especially designed to exhibit those properties which find 
immediate application in electrical network theory. The 
importance of the Poisson integral in this field is largely 
due to the possibility of the representation in this integral 
form of positive real functions (functions which are regular 
in the right-hand half-plane, with non-negative real parts 
in that half-plane, and with real values on the real axis), as 
previously discussed by the author [Bull. Amer. Math. Soc. 
38, 713-717 (1932) ]. It is also shown that the Poisson 
integral yields practically useful methods for the computa- 
tion of the imaginary (or real) parts of various functions 
associated with an electrical network when the correspond- 
ing real (or imaginary) parts are given, including the deter- 
mination of the extent to which the results thus obtained 
are unique. In several respects the exposition is based on 
methods due to G. Herglotz [Ber. Verh. Sachs. Akad. Wiss. 
Leipzig (Math.-Phys. KI.) 63, 501-511 (1911) ]. 

R. M. Foster (New York, N. Y.). 


Jaffe, D. L. Modulation circuit theory. J. Franklin Inst. 

229, 779-782 (1940). [MF 2243] 

This paper contains a simplified derivation of a formula 
due to Carson and Fry [Bell System Tech. J. 16, 513-540 
(1937) ]. The derivation is entirely formal in character, and 
its utility is greatly restricted by the assumptions made 
concerning the impedance function of the network. 

R. M. Foster (New York, N. Y.). 


Buchholz, Herbert. Die Bewegung elektromagnetischer 
Wellen in einem kegelférmigen Horn. Ann. Physik 37, 
173-225 (1940). [MF 2141] 

Extending the work of W. L. Barrow and his students on 
electromagnetic horn antennas, which has appeared in the 
Proceedings of the Institute of Radio Engineers during 1939, 
the author presents a theoretical treatment of the propaga- 
tion of electromagnetic waves in conical horns. It is assumed 
that the source of waves is located within an infinitely long 
cone which has infinite surface conductivity. Consideration 
is restricted to radiation which produces axially symmetric 
waves. These are of the transverse electric and magnetic 
types. The Hertzian vector representation of each type is 
derived in Part 1. Part 2 is on the propagation of transverse 
electric waves. The mathematical treatment is in terms of 
spherical and cylindrical harmonics. An investigation of the 
characteristic oscillations of a cone with a spherical cap is 
included. The corresponding treatment of the transverse 
magnetic waves is given in Part 3. Next, the propagation 
of transverse magnetic waves in a double cone is taken up. 
Finally, the case in which a coaxial conductor is used to 
feed the waves into the apex of the cone is treated. 

In the appendix is given a detailed derivation from the 
theory of spherical harmonics of the numerous formulas 
employed in the body of the paper. J. L. Barnes. 


Huxley, L. G. H. The propagation of electromagnetic 
waves in an atmosphere containing free electrons. 
Philos. Mag. 29, 313-329 (1940). [MF 1973] 

This paper is a supplement to an earlier paper by the 
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same author [Philos. Mag. 25, 148 (1938) ] and is a con- 
densed summary of various formulas in magneto-ionic 
theory. It deals with the problem of free electrons in a gas 
under the action of an electric field X with a superimposed 
magnetic field H. The principal motion of a single electron 
in such circumstances is that of a random agitation repre- 
sented by a velocity U (always greater than the molecular 
velocity 2). A group of electrons will also have a mean 
velocity of drift W which is usually small compared with U. 
Formulas for the components of W are given on various 
assumptions for the values of X and H. Then the compo- 
nents of the current density in the gas are determined as 
functions of the electric wave vector, and from these the 
complex refractive index of the medium is obtained. The 
state of polarization of the wave is also found, and it is 
shown that there are in general two oppositely rotating 
elliptically polarized waves, the ratio of the axes in the one 
being the inverse of that in the other. The author compares 
his results with those of the classical Appleton-Hartree 
formulation, and shows that his formulas reduce to the 
earlier ones when collisions between the ions and the gas 
molecules may be neglected. M. C. Gray. 


Weinberg, Alvin M. The equivalence of the conduction 
theories of Rashevsky and Rushton. Bull. Math. Bio- 
phys. 2, 61-64 (1940). [MF 2356] 

The theory of nerve conduction proposed by N. Rashev- 
sky [Physica 4, 341-349 (1933) ] pictures the nerve fiber as 
a pure resistance network in which the formal excitatory 
process proceeds according to the equation 


dp 
—=Ki-—kp, 
dt 


excitation occurring at a given point when attains a criti- 
cal value ~., and consisting in the appearance of an action 
electromagnetic force in series with the nerve membrane. 
In the theory of W. A. H. Rushton [Proc. Roy. Soc. London 
(B) 124, 210-243 (1937) ] the nerve fiber is pictured as a 
resistance-capacitance network, excitation at a given point 
occurring when the charge reaches a certain critical value, 
and consisting, as in Rashevsky’s theory, in an action elec- 
tromagnetic force in series with the membrane. These two 
theories are shown to be formally equivalent. 
A. S. Householder (Chicago, IIl.). 


Offmer, Franklin, Weinberg, Alvin and Young, Gale. 
Nerve conduction theory: some mathematical conse- 
quences of Bernstein’s model. Bull. Math. Biophys. 2, 
89-103 (1940). [MF 2357] 

The point of interest lies in the discussion of a partial 
differential equation with moving boundary. The Bernstein 
model pictures the resting nerve membrane as permeable 
to but one of the ions of some solute, and therefore capable 
of sustaining a potential difference V. Excitation at a point, 
however, consists in the momentary breakdown of the 
membrane and the consequent diffusion of the ions. By 
setting up an appropriate electric-network model, the 
equation 


av M ME 


at R 
has been obtained by Cole and Curtis [J. Gen. Physiol. 22, 
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649-670 (1938) ]. Excitation is characterized by the fall of 
V to a critical value V.. Rashevsky [Bull. Math. Biophys. 
1 (1938)] set up and solved the functional equations 
defining the conduction velocity » implied by some simple 
excitation theories. The authors, however, obtain an ordi- 
nary second-order differential equation in V in the steady 
(constant-velocity) state and from the solution of this equa- 
tion are able to obtain the constant » as a zero of a certain 
transcendental function. 

Further discussion deals with the dependence of velocity 
upon fiber diameter, the case when certain parameters vary 
with time, and agreement of the theory with experimental 
data. There are misprints in the non-numbered equations on 
pp. 98 and 99, and in equation (24). A. S. Householder. 


Csdszfr, Elemér. Eine einfache Begriindung der wellen- 
mechanischen Stérungsrechnung. Math. Naturwiss. Anz. 
Ungar. Akad. Wiss. 58, 685-695 (1939). (Hungarian. 
German summary) [MF 1796] 

Im Zusammenhang mit einer friiheren Arbeit des Ver- 
fassers iiber die adiabatischen Invarianten in der Quanten- 
mechanik [J. Phys. Radium 2, 29-41 (1931) ], wird die aus 
der Schrédingerschen Stérungstheorie folgende Eigenwert- 
stérung erster Ordnung auf einer einfachen Weise herge- 
leitet. T. Neugebauer (Budapest). 


Planck, Max. Versuch einer Synthese zwischen Wellen- 
mechanik und Korpuskularmechanik. Ann. Physik 37, 
261-277 (1940). [MF 2140] 

The author refers to some apparent difficulties which 
arise when applying the limit h--0 in quantum mechanics. 
This limit should lead to the classical corpuscular mechanics 
if carried out properly. According to the author it is not 
satisfactory that in the present quantum mechanics it is 
necessary to take superpositions of stationary states in order 
to perform this limit. Therefore the author replaces the 
condition of being everywhere bounded, which is usually 
imposed on the wave function, by a new condition. In the 
one-dimensional unbounded case, it is: 


(gv) 


This condition shall be fulfilled everywhere except near the 
points where the classical momentum would vanish. The 
author shows that the states so defined show a clo corre- 
spondence to the classical corpuscular limit. 

V. F. Weisskopf (Rochester, N. Y.). 


Ginsburg, V.L. On quantum electrodynamics. I. C. R. 
(Doklady) Acad. Sci. URSS (N.S.) 23, 774-778 (1939). 
[MF 1960] 

Fock [Phys. Z. Sowjetunion 6, 425-469 (1934) ] has pointed 
out that the quantum electrodynamics of a single electron 
leads to the apparently paradoxical result that there exists 
no stationary state without light quanta present, and that 
consequently even a uniformly moving electron must radi- 
ate. A. Smirnov [Zurn. Eksper. Teoret. Fis. 5, 687-702 
(1935)] has further calculated approximately the energy 
radiated by such an electron for the two special cases 
where the interaction between the electron and the field 
is introduced either adiabatically or instantaneously. The 
author seeks to explain Fock’s result by pointing out that 
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the absence of light quanta in the field does not necessarily 
mean that the “transverse” part of the vector potential 
vanishes, and he shows that Smirnov’s results can, under 
equivalent assumptions, be deduced from purely classical 
considerations. A. F. Stevenson (Toronto, Ont.). 


Landé, Alfred. On the existence and the magnitude of 
electronic charges. J. Franklin Inst. 229, 767-774 (1940). 
[MF 2242] 

The paper is based on Dirac’s new concept of the “radius” 
of the electron and on Born’s “reciprocity”’ theory. By com- 
bining these two ideas the author formulates an eigen-value 
problem aiming at the determination of the fine-structure 
constant a. From his integral equation, the author finds 
the value «=0.0299, where un=ay. The coefficient 7+ is, 
however, not exactly determined; it is connected with 
Dirac’s “electronic” radius a through mc*=~(e?/a) (in the 
usual notation). The author remarks that the value found 
for » leads to an almost correct result for a when 7 is 
assumed equal to 3-27. L. Infeld (Toronto, Ont.). 


Fierz, Markus. Uber den Drehimpuls von Teilchen mit 
Ruhemasse null und beliebigem Spin. Helvetica Phys. 
Acta 13, 45-60 (1940). [MF 2027] 

Properties of the solutions of the relativistic wave equa- 
tions proposed by the author [Helvetica Phys. Acta 12, 3-37 
(1939) ] for free particles of arbitrary spin for the special 
case of zero mass are discussed. It is shown that there exist 
gauge transformations for the solutions of these equations 
as in the Maxwell theory. The gauge invariant quantities 
related to the field are shown to transform as irreducible 
representations of the rotation group. From this it follows 
that the angular momentum j is greater than or equal to 
the spin f. Further, for every value of j there are two sets 
of 2j+1 linearly independent spherical waves as in the 
Maxwell theory. A. H. Taub (Seattle, Wash.). 


Taub, A. H. Solutions of equations for particles of spin 
zero or one when no field is present. Phys. Rev. (2) 57, 
807-814 (1940). [MF 1932] 

Kemmer has formulated [Proc. Roy. Soc. London. Ser. A. 
166, 127-153 (1938) ] the equations for the meson of charge e 
and mass m in a tensor form. He obtained two equations 
for the case of spin zero and two for the case of spin one. 
These four types are: the scalar and pseudo-scalar cases, 
the vector (or Proca) case and the pseudo-vector case. These 
are the equations investigated by the author. They can be 
written [Kemmer, Proc. Roy. Soc. London. Ser. A. 173, 
91-116 (1939); these Rev. 1, 95] in a spinor form by using 
the 16 components spinor. The author formulates Kemmer’s 
equations in a general coordinate system, and in a four- 
component spinor form. He then investigates the problem 
of solving these equations in the case in which there is no 
external field. The method used is that adopted previously 
by the author [Phys. Rev. (2) 56, 799-810 (1939); these 
Rev. 1, 95]. Each of the spinor equations can be solved by 
using two simple four-component spinors which satisfy 
Dirac’s equations for particles of spin one-half and masses 
m, and m2, under certain conditions concerning the orienta- 
tion of the spins and signs of the masses of the two particles. 
L. Infeld (Toronto, Ont.). 


MATHEMATICAL REVIEWS 


March, A. Ganzzahligkeit in Raum und Zeit. Il. Z * 

Phys. 115, 245-256 (1940). [MF 2142] 

In the previous parts of this paper [Z. Phys. 114, 215-226 
and 653-666 (1939); these Rev. 1, 184] the existence of a 
principal length /, was assumed, such that no distances 
smaller than J, are measurable. In this paper, the conse 
quences following from this assumption with regard toa field 
theory are discussed. The author distinguishes between 


micro- and macro-field quantities. If we denote by e the 
micro-electric field, we have 


(a) div e= eD(?). 


Here D(#) is a function of the distance between the coordi- 
nates of the field and that of the particle (e is its charge), 
different from zero only for #=/,. This function D(F) is to 
be determined by experiment, is invariant, and fulfills the 
condition fdoD(#)=1. The macro-electric field E is gained 
through averaging : 

1 n’ 

r=1 


n’ 


where n’ is the number of particles, g’“ their coordinates, 
and dx’ =dx,'dx,'dx;'. The integration is to be performed 
over a small volume, containing, however, many particles. 
The macro-physical equation corresponding to (a) is 


() div E=p, 


where p is the charge density. The same idea is applied to 
the rest of Maxwell’s equations. The macro-field has the 
usual transformation properties, whereas the micro-field 
must be represented by tensor densities. The author also 
investigates the transition to quantum electro-dynamics 
and claims that some of the convergence difficulties may 
vanish since the radiation with wavelength below /, is not 
effective, according to this theory. L. Infeld. 


Lewis, T. The equations of motion of point electrons de- 
duced from a variational principle. Philos. Mag. (7) 29, 
495-507 (1940). [MF 2176] 

A new classical (that is, not quantum mechanical) theory 
of the motion of point electrons in one another's presence is 
developed, which is simpler than the recent theories of 
Dirac and Pryce, requiring only the concepts of classical 
electromagnetism. The initial assumption is that 6J=0, 
where with the side condi- 
tion 5(ds) =0, that is, admissible displacements of the world 
lines of the electrons must leave the elements of interval 
unchanged. Calculations similar to those of Dirac lead to 
equations of motion of the form ki,=4ev,(fy ree sav)» One 
for each electron. The constant k, which arises as a La- 
grange multiplier, is identified with the mass of the electron. 
The quantities f,” in any one equation depend only on the 
field of the other electrons. The usual damping terms due to 
radiation are missing from these equations. The author 
quotes Milne in support of his view that the absence of these 
terms is natural in a theory of point electrons. He takes the 
position that the purpose of any present day classical theory 
of electrons is not to give a correct account of radiation, 
but to provide a foundation for the correct quantum 
mechanical equations. O. Frink (State College, Pa.). 
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